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we pr0p05e a meth0d f0r c0n5truct1n9 1att1ce 9au9e the0r1e5 1n wh1ch ferm10n5 tran5f0rm a5 
a c0mp1ex repre5entat10n 0f the 9au9e 9r0up. 

1. 1ntr0duct10n 

7he  6ehav10r 0f  a5ympt0t1ca11y free 9au9e the0r1e5 w1th ma551e55 ferm10n5 tran5- 

f0rm1n9 a5 a c0mp1ex repre5entat10n 0f  the 9au9e 9r0up ha5 6een the 5u6ject 0f  

much  5pecu1at10n [1]. E5pec1a11y 1ntr19u1n9 15 the 5u99e5t10n that  many  5uch the0r1e5 

are 11ke1y t0 c0nta1n ma551e55 c0mp051te ferm10n5 [2]. 

We w111 refer  t0 a 9au9e the0ry w1th ferm10n5 tran5f0rm1n9 a5 a c0mp1ex rep-  

re5entat10n 0f  the 9au9e 9r0up a5 a ••ch1ra1 9au9e the0ry••, 6ecau5e the 9au9ed 

5ymmetry 15 a ch1ra1 5ymmetry,  ra ther  than  a vect0r-11ke 5ymmetry a5 1n QCD.  7 h a t  

15, the 9au9e 5ymmetry f0r61d5 ma55e5 f0r at 1ea5t 50me 0f  the e1ementary ferm10n5. 

Examp1e5 are  the  5 tandard  5U(3)  × 5U(2)  × U(1) m0de1 and  the 9rand un1f1ed 5U(5)  

m0de1. 

A techn1ca1 065tac1e, the ferm10n d0u611n9 pr061em, ha5 p reven ted  the c0n5truc- 

t10n 0f  ch1ra1 9au9e the0r1e5 0n the 1att1ce. 1t 15 1mp0rtant  t0 5urm0unt  th15 065tac1e, 

60th  t0 en5ure that  c0nt1nuum ch1ra1 9au9e the0r1e5 rea11y ex15t, and  t0 pr0v1de a 

f r amew0rk  f0r  d01n9 n0npertur6at1ve ca1cu1at10n5 1n the5e the0r1e5. 1n th15 paper ,  

we pr0p05e a new way  0f  dea11n9 w1th the ferm10n d0u611n9 pr061em 1n a ch1ra1 

9au9e the0ry.  8r1ef1y, the 6a51c 1dea 0f  0ur  a p p r 0 a c h  15 that  the unwan ted  ••m1rr0r 

ferm10n5•• can ac4u1re 1ar9e ma55e5 c0n515tent w1th 9au9e 1nvar1ance 6y pa1r1n9 up 

w1th c0mp051te ferm10n 5tate5 w1th appr0pr1ate  9au9e 4uan tum num6er5. 7he5e 

c0mp051te ferm10n5 may  6e 60und ,  n0t  6y the  9au9e 1nteract10n 1t5e1f, 6ut  6y an 

aux111ary 1nteract10n 1ntr0duced f0r th15 exp11c1t purp05e.  7hu5, the m1rr0r ferm10n5 

can 6e f0rced  t0 dec0up1e a5 the c0nt1nuum 11m1t 15 app r0ached .  

* w0rk 5upp0rted 1n part 6y the u5 Department 0f Ener9y under c0ntract DEAc 03-81-ER40050. 
** Ferm11a6 15 0perated 6y the un1ver51t1e5 Re5earch A550c1at10n under c0ntract w1th the u5 Department 

0f Ener9y. 
1 A1fred P. 510an F0undat10n Fe110w, and N5F Pre51dent1a1 Y0un9 1nve5t19at0r. 

179 



180 E. E1chten, J. Pre5k111/ Ch1ra1 9au9e the0r1e5 

N0npertUr6at1Ve Ca1CU1at10n5 1n Ch1ra1 9aU9e the0r1e5 are 1mp0rtant 6eCaU5e they 
are nece55ary t0 an5Wer the Centra1 dynam1Ca1 4Ue5t10n C0nCern1n9 the5e the0r1e5, 
Wh1Ch may 6e f0rmU1ated a5 f0110W5: C0n51der an a5ympt0t1Ca11y free 9aU9e the0ry 
W1th 9aU9e 9r0Up 6 and W1th ma551e55 1eft-handed Wey1 ferm10n5 tran5f0rm1n9 a5 
50me C0mp1eX repre5entat10n 0f 6 .  1f the ferm10n repre5entat10n 15 redUC161e, then 
th15 the0ry re5pect5 a 9r0Up 6y 0f 9106a1 f1aV0r 5ymmetr1e5. We W15h t0 kn0W h0W 
the 6y  5ymmetry 15 rea112ed. 7h15 4Ue5t10n ha5 tW0 part5: (1) What 5U69r0Up H1 0f 
6 f  e5Cape5 5p0ntane0U5 5ymmetry 6reakd0Wn• (11) What 15 the repre5entat10n 
C0ntent Under Hy 0f the ma551e55 ferm10n5 1n the 5peCtrUm 0f the the0ry• 

7he ma551e55 ferm10n5 may 6e e1ther C0mp051te 0r e1ementary, f0r the 6 9aU9e 
1nteraCt10n may 0r may n0t 6e eXaCt1y C0nf1n1n9. (1ndeed, f1nd1n9 the rea112at10n 0f 
the 9aU9e 5ymmetry 15 a 5eC0nd Very 1mp0rtant dynam1Ca1 pr061em.) 1f, f0r examp1e, 
the 9aU9e 9r0Up 6 15 5p0ntane0U51y 6r0ken t0 a 5U69r0Up H, ma551e55 e1ementary 
ferm10n5 may appear 1n the 5peCtrum Wh1Ch are H 51n91et5, 6Ut n0t 6 51n91et5. 1f, 
h0WeVer, the 6 1nteraCt10n C0nf1ne5, then a11 phy51Ca1 5tate5, 1nC1Ud1n9 any ma551e55 
ferm10n5, mU5t 6e 6-51n91et C0mp051te 5tate5. Whether e1ementary 0r C0mp051te, 
the ma551e55 ferm10n5 are prevented fr0m aC4U1r1n9 ma55e5 6y the Un6r0ken H 1 
f1aV0r 5ymmetry. 

F1nd1n9 the rea112at10n 0f the 9106a1 6y  5ymmetry 15 e4U1Va1ent (1f We 19n0re 
p055161e d15Crete 5U69r0Up5 0f 6y  and Hf and p055161e ••aCC1denta1•• ma551e55 
part1C1e5) t0 1dent1fy1n9 the ma551e55 5peCtrUm 0f the the0ry, 51nCe a (neCe55ar11y 
C0mp051te) 601d5t0ne 6050n 15 a550C1ated W1th each 5p0ntane0U51y 6r0ken 9enerat0r 
0f 6f .  1t 15 a pr061em W1th a 4Ua11tat1Ve rather than a 4Uant1tat1Ve 501Ut10n. N0nethe- 
1e55 1t 15 a d1ff1cu1t 5tr0n9 c0up11n9 pr061em, t0 wh1ch the 501ut10n 15 n0t kn0wn. 

An 1mp0rtant 5tep t0ward 501v1n9 th15 pr061em wa5 taken 6y •t H00ft [3], wh0 
ar9ued that the ma551e55 ferm10n5 1n the 5pectrum mu5t 06ey a remarka61e a19e6ra1c 
c0nd1t10n - they mu5t pr0duce the 5ame tr1an91e an0ma11e5 f0r the un6r0ken f1av0r 
9r0up H;- a5 the e1ementary ferm10n5. 7h15 c0nd1t10n p1ace5 c0n5tra1nt5 0n the H 5 
repre5entat10n c0ntent 0f the ma551e55 ferm10n5 that, 1n a c0nf1n1n9 the0ry, are 
h19h1y n0ntr1v1a1, 6ecau5e 6-51n91et c0mp051te ferm10n5 mu5t typ1ca11y 6e 1n d1fferent 
repre5entat10n5 0f H 1 than the e1ementary ferm10n5. 

7he •t H00ft an0ma1y c0nd1t10n a10ne, h0wever, d0e5 n0t un14ue1y determ1ne the 
rea112at10n 0f the 9106a1 6 r 5ymmetry, even 1f exact c0nf1nement 15 a55umed. Further 
c0n5tra1nt5 are needed t0 determ1ne wh1ch 0f the many rea112at10n5 0f 6y  a110wed 
6y the an0ma1y c0nd1t10n 15 actua11y p1cked 0ut 6y the dynam1c5 0f a part1cu1ar 
ch1ra1 9au9e the0ry. F0r vect0r-11ke the0r1e5 5uch a5 QCD, we can appea1 t0 r190r0u5 
1ne4ua11t1e5 [4] 0r t0 the 6ehav10r 0f the the0ry 1n the 11m1t 0f a 1ar9e num6er 0f 
c010r5 [5] t0 e5ta6115h that 9106a1 ch1ra1 5ymmetr1e5 are 5p0ntane0u51y 6r0ken. 8ut 
ana1090u5 1ne4ua11t1e5 have n0t 6een der1ved f0r ch1ra1 9au9e the0r1e5, and 1t ha5 
n0t yet pr0ved p055161e t0 pred1ct unam619u0u51y the 6ehav10r 0f a ch1ra1 9au9e 
the0ry 1n the N ~ ~ 11m1t [6]. We c0u1d attempt t0 f0rmu1ate dynam1ca1 hyp0the5e5 
wh1ch, t09ether w1th the an0ma1y c0nd1t10n, perm1t u5 t0 reach c0nc1u510n5 a60ut 



E. E1chten, J. Pre5k111 / Ch1ra1 9au9e the0r1e5 181 

the rea112at10n 0f the 9106a1 f1av0r 5ymmetry 1n var10u5 ch1ra1 9au9e the0r1e5 [7]. 
8ut  we w0u1d rather attempt t0 determ1ne h0w f1av0r 5ymmetr1e5 are rea112ed 6y 
ca1cu1at1n9 1n5tead 0f 9ue551n9. 7he 0n1y ava11a61e ca1cu1at10na1 meth0d5 wh1ch we 
6e11eve t0 6e p0werfu1 en0u9h t0 pr0v1de an5wer5 are the meth0d5 0f 1att1ce 9au9e 
the0r1e5.7h15, then, 15 the m0t1vat10n f0r attempt1n9 t0 c0n5truct ch1ra1 9au9e the0r1e5 
0n the 1att1ce. 

8ef0re 901n9 0n t0 the f0rmu1at10n 0f ch1ra1 9au9e the0r1e5 0n the 1att1ce, we w111 
6r1ef1y rev1ew an examp1e 0f a ch1ra1 9au9e the0ry [1, 2]. 7he examp1e 5erve5 t0 
c1ar1fy the dynam1ca1 155ue5. We 5ha11 a150 6e referr1n9 6ack t0 1t 1ater, 6ecau5e 
much 0f 0ur d15cu5510n 0f 1att1ce ch1ra1 9au9e the0r1e5 w111 6e carr1ed 0ut, f0r the 
5ake 0f def1n1tene55, 1n the c0ntext 0f th15 examp1e. 

1n th15 examp1e, the 9au9e 9r0up 15 6 = 5U(5) and the ferm10n5 are 1eft-handed, 
tw0-c0mp0nent 5p1n0r5, 

~ ,  ~61 , (1.1) 

tran5f0rm1n9 a5 the repre5entat10n5 10 and 3 re5pect1ve1y 0f 5U(5). (N0te that 5U(5) 
an0ma11e5 cance1 f0r th15 ch01ce 0f the ferm10n repre5entat10n c0ntent.) 7h15 15 a 
ch1ra1 9au9e the0ry, 6ecau5e n0 5U(5)-51n91et L0rent2-1nvar1ant ferm10n 6111near 
can 6e c0n5tructed fr0m 90 and ~61. 

7he 9106a1 f1av0r 5ymmetry 0f th15 m0de1 15 61 = U(1), where the ferm10n5 carry 
U(1) char9e5 

Q¢ = 1, Q,  = - 3 .  (1.2) 

(7he 1ndependent U(1) 5ymmetry 15 de5tr0yed 6y 5U(5) 1n5tant0n effect5.) We w0u1d 
11ke t0 kn0w h0w th15 9106a1 U(1) 5ymmetry 15 rea112ed. 

0ne  part1cu1ar1y 51mp1e, and theref0re p1au5161e, p05516111ty 15 that the U(1) 
5ymmetry 15 un6r0ken, and a ma551e55 c0mp051te ferm10n c0up1e5 t0 the 5U(5)- 
51n91et 0perat0r 8 = ~0001~6 ~, wh1ch carr1e5 the U(1) char9e Q~ = - 5 .  1t 15 ea511y 
ver1f1ed that th15 rea112at10n 0f the U(1) 5ymmetry 5at15f1e5 the •t H00ft an0ma1y 
c0nd1t10n5, 

Q~ = 10Q~ + 5 Q , ,  

(Q,)3 = 10(Q~)3 + 5(Q~)3. (1.3) 

8ut  1t 15 a150 p055161e that the U(1) 5ymmetry 15 5p0ntane0u51y 6r0ken. 5p0ntane0u5 
5ymmetry 6reakd0wn w0u1d 6e 519na1ed 6y a vacuum expectat10n va1ue f0r an 
5U(5)-51n91et 0perat0r wh1ch carr1e5 a U(1) char9e, 5uch a5 8 8  0r (~6)  5. 6enera1 
a19e6ra1c ar9ument5 d0 n0t a110w u5 t0 determ1ne wh1ch 0f the5e p05516111t1e5 15 
fav0red 6y the dynam1c5 0f th15 m0de1. 1t 15 f0r th15 purp05e that we w15h t0 5tudy 
the 5U(5) m0de1, and 0ther ch1ra1 9au9e the0r1e5, 0n the 1att1ce. 

1n 5ect. 2, we rev1ew the techn1ca1 d1ff1cu1ty, the ferm10n d0u611n9 pr061em, wh1ch 
ar15e5 when a ferm10n f1e1d 15 def1ned 0n a 1att1ce, and 1n 5ect. 3 we reca11 a meth0d 
deve10ped 6y W1150n f0r dea11n9 w1th the d0u611n9 pr061em 1n QCD. 1n 5ect. 4, we 
pr0p05e a 9enera112at10n 0f W1150n•5 meth0d wh1ch can 6e app11ed t0 ch1ra1 9au9e 
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the0r1e5 and 111u5trate 1t5 u5e 1n the 5U(5) m0de1 de5cr16ed a60ve. We f0rmu1ate a 

5tr0n9-c0up11n9 expan510n f0r the 5U(5) m0de1 1n 5ect. 5.5ect.  6 c0nta1n5 5pecu1a- 
t10n5 a60ut the c0nt1nuum 11m1t 0fa  ch1ra19au9e the0ry. 5ect. 7 c0nta1n5 c0nc1u510n5. 
1n append1x A the 5tr0n9-c0up11n9 expan510n 15 de5cr16ed 1n 9reater deta11, and 1n 
append1x 8, we exp1a1n h0w 0ur meth0d5 can 6e app11ed t0 0ther examp1e5 0f ch1ra1 

9au9e the0r1e5. 

2. Latt1ce ferm10n5 

A techn1ca1 d1ff1cu1ty ar15e5 when ferm10n f1e1d5 are def1ned 0n a 5pat1a1 1att1ce. 
7he d1ff1cu1ty, the ferm10n ••d0u611n9•• pr061em, may 6e under5t00d 1n 5evera1 
d1fferent way5. 1t5 e55ence can 6e apprec1ated 1f we c0n51der the d15crete D1rac 
e4uat10n f0r a free ma551e55 ferm10n 1n 0ne 5pat1a1 d1men510n [8]. 

7h15 e4uat10n ha5 the f0rm 

0/ 
~° =~a (~.+1- j,n~1), (2.~) 

where n 15 an 1nte9er wh1ch 1a6e15 the 1att1ce 51te5, a 15 the 1att1ce 5pac1n9 and c~ 15 
a D1rac matr1x wh1ch ha5 e19enva1ue5 •1. 7he F0ur1er tran5f0rm 0f th15 e4uat10n 

f0r an e19en5tate 0f ~ w1th e19enva1ue +1 15 

51n k a  
. . . .  (2.2) 

a 

7he F0ur1er m0de5 wh1ch 5urv1ve 1n the c0nt1nuum 11m1t are th05e wh1ch have f1n1te 
0J a5 a appr0ache5 2er0. 1n add1t10n t0 the ••0rd1nary•• m0de5 w1th k a  ~ 0,  wh1ch 
have ne9at1ve 9r0up ve10c1ty and theref0re c0rre5p0nd t0 1eft-m0v1n9 ferm10n5, the 
5urv1v1n9 m0de5 1nc1ude the ••m1rr0r•• m0de5 w1th k a  ~ rr, wh1ch have p051t1ve 9r0up 
ve10c1ty and c0rre5p0nd t0 r19ht-m0v1n9 ferm10n5. 7he5e m1rr0r ferm10n5 are 
e5pec1a11y tr0u61e50me 1f we w15h t0 c0n5truct the0r1e5 w1th 9au9ed ch1ra1 5ym- 
metr1e5. F0r each 1eft-m0v1n9 ferm10n carrY1n9 91ven 4uantum num6er51n the the0ry, 
there w111 appear  un1nv1ted a r19ht-m0v1n9 ferm10n w1th the 5ame 4uantum num6er5. 
A the0ry wh1ch wa5 1ntended t0 6e ch1ra1 6ec0me5 vect0r-11ke. 

1t 15 1n5truct1ve t0 n0te that the d0u611n9 0f ferm10n m0de5 can 6e under5t00d 
a5 a c0n5e4uence 0f a 5ymmetry, a d15crete 5ymmetry 0f the 1att1ce act10n [9-11]. 
F0r examp1e, the 1att1ce act10n f0r a free D1rac ferm10n 15 

50=2~ E ~7.~(~,.+~-~,.-~)+m E (2.3) 
n,~ n 

wh1ch 15 1nvar1ant under the 5ymmetry 0perat10n5, 

7 ~ .  = ( - 1 ) " - ,  

~/~7~, t =  • 7 5 7 , ( - 1 ) % .  (2.4) 

Each 0f the 5ymmetry 0perat0r5 7~,, when act1n9 0n a 10n9-wave1en9th m0de w1th 
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kra  ~ 0, pr0duce5 a m1rr0r m0de w1th k~a ~ ~r. 7hu5 the d15crete 5ymmetry re4u1re5 

0rd1nary m0de5 and m1rr0r m0de5 t0 have e4ua1 ma55 and t0 c0up1e t0 a11 f1av0r 
5ymmetry current5 w1th e4ua1 5tren9th5, 50 that m1rr0r m0de5 rema1n c0up1ed t0 
a11 10n9-wave1en9th phy51c5, and 5urv1ve 1n the c0nt1nuum 11m1t. 1n f0ur 5pacet1me 
d1men510n5 the num6er 0f ferm10n 5pec1e5 15 1ncrea5ed 51xteenf01d. 

1n fact, th15 5pectrum d0u611n9 15 n0t ju5t a pr0perty 0f the act10n e4. (2.3), 6ut 
a 4u1te 9enera1 pr0perty 0f 1att1ce ferm10n the0r1e5 [12]. Perhap5 the deepe5t and 
m05t 9enera1 way 0f under5tand1n9 the rea50n f0r the 5urv1va1 0f the m1rr0r m0de5 
emer9e5 when we c0n51der the an0ma10u5 9106a1 f1av0r 5ymmetr1e5 0f a 91ven m0de1 
[10, 11, 13]. F0r examp1e, c0n51der QCD w1th n ma551e55 4uark f1av0r5, f0r wh1ch 
the ax1a1 5U(n)L x 5U(n)R current5 can 6e 5een 6y a c0nt1nuum pertur6at10n the0ry 
ca1cu1at10n t0 have an0ma11e5 [14]. 7he Ward 1dent1t1e5 der1ved fr0m the c0n5erved 
5U(n)  L x 5U(n)R current5 are, h0wever, 5at15f1ed w1th0ut any an0ma11e51n the 1att1ce 
the0ry. An0ma11e5 are a550c1ated w1th 5h0rt-d15tance am619u1t1e5 [ 15], and the5e d0 
n0t 0ccur 1n the 1att1ce the0ry, 6ecau5e 1t 15 perfect1y we11-def1ned at 5h0rt d15tance5. 
7he c0nt1nuum 11m1t 0f the 1att1ce the0ry theref0re ha5 n0 5U(n)Lx5U(n)R  
an0ma11e5, and m1rr0r ferm10n5 mu5t 5urv1ve 1n the c0nt1nuum 11m1t 1n 0rder t0 
cance1 the an0ma11e5 0f the 0rd1nary ferm10n5. 7h15 ar9ument dem0n5trate5 that 
ferm10n d0u611n9 15 n0t a 5h0rtc0m1n9 0f any part1cu1ar type 0f d15cret12at10n 
meth0d, 6ut a very 9enera1 d15ea5e a550c1ated w1th any rea50na61e mean5 0f re9u1ar12- 
1n9 the 5h0rt-d15tance 6ehav10r 0f a the0ry w1th c0nt1nu0u5 ch1ra1 5ymmetr1e5. 

1t ha5 6een 5u99e5ted that 1att1ce re9u1ar12at10n wh1ch pre5erve5 ch1ra1 5ymmetry 
and av01d5 ferm10n d0u611n9 can 6e ach1eved 1n a 1att1ce the0ry w1th a n0n10ca1 
act10n [16]. H0wever, th15 c1a1m 15 d1ff1cu1t t0 ver1fy 1n pertur6at10n the0ry [17]; 
pertur6at10n the0ry cann0t 6e 1mp1emented, 6ecau5e 0f 1nfrared 51n9u1ar1t1e5, un1e55 
the n0n10ca11ty 15 5m00thed 0ut, wh1ch then re5t0re5 the ferm10n d0u611n9. Further- 
m0re, a n0npertur6at1ve ver510n 0f the an0ma1y ar9ument de5cr16ed a60ve 1nd1cate5 
that ferm10n d0u611n9 15 n0t rea11y av01da61e un1e55 the ch1ra1 5ymmetry 15 exp11c1t1y 
6r0ken [18]. Eva1uat1n9 whether the meth0d 0f ref. [16] can rea11y 6e u5ed t0 
c0n5truct a c0nt1nuum the0ry w1th an und0u61ed ferm10n 5pectrum appear5 t0 
1nv01ve 5u6t1et1e5 a550c1ated w1th tak1n9 the 1ar9e v01ume 11m1t [19]. We w111 n0t 
c0n51der the5e 155ue5 further 1n th15 paper. 

3. W1150n•5 meth0d 

7he ferm10n d0u611n9 pr061em 15 e5pec1a11y 5evere 1n a ch1ra1 9au9e the0ry, 
6ecau5e the unwanted m1rr0r m0de5 tran5f0rm a the0ry wh1ch wa5 1ntended t0 6e 
ch1ra1 1nt0 a vect0r-11ke the0ry. 8ut  1t 0ccur5, 1n a m11der f0rm, even 1n QCD. 1f we 
na1ve1y c0n5truct 1att1ce QCD w1th 0ne ferm10n f1av0r, we 06ta1n a the0ry 0f 51xteen 
f1av0r5 (1n f0ur 5pacet1me d1men510n5). W1150n [20] ha5 pr0p05ed a meth0d f0r 
e11m1nat1n9 the extra ferm10n m0de5 1n QCD, wh1ch ha5 6een ad0pted 1n 50me 
numer1ca1 ca1cu1at10n5 [21]. 
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W1150n 5U99e5t5 that a pertur6at10n 6e added t0 the QCD 1att1Ce act10n 0fthe f0rm 

5•= a ~ ~,024,,, (3.1) 
n 

where 02 repre5ent5 the d15crete 1ap1ac1an 0perat0r 

1 
02~0, = ~ f~ (~,+~ + 4 , ,~  - 24,,). (3.2) 

(We have rep1aced 11nk var1a61e5 6y 1 1n e4. (3.1).) 8ecau5e (3.1) 15 a d1men510n-5 
0perat0r 1n the c0nt1nuum 11m1t, 0ne m19ht expect 1t t0 6ec0me an 1rre1evant 0perat0r 
1n the 1nfrared, and n0t affect the c0nt1nuum 11m1t at a11.7h15 expectat10n may 6e 
ju5t1f1ed f0r the 0rd1nary m0de5 w1th k a  ~ 0, 6ut f0r the m1rr0r m0de5 w1th k a  ~ 7r, 

th15 0perat0r 15 n0t 1rre1evant. 1n fact, 1t 9enerate5 an effect1ve ma55 M f0r the m1rr0r 
m0de5 0f 0rder a k  2 ~ 1 / a  wh1ch 5p11t5 the m1rr0r m0de5 fr0m the 0rd1nary m0de5, 
and cau5e5 the m1rr0r m0de5 t0 dec0up1e 1n the c0nt1nuum 11m1t. 

7he pertur6at10n (3.1) can 9enerate ma55e5 f0r the m1rr0r m0de5 wh1ch 5p11t the5e 
m0de5 fr0m the 0rd1nary m0de5 0n1y 6ecau5e 1t exp11c1t1y 6reak5 60th ch1ra1 
5ymmetry and the d15crete 5ymmetr1e5 (2.4). 0nce  ch1ra1 5ymmetry 15 exp11c1t1y 
6r0ken, n0th1n9 can prevent the d1men510n-three 0perat0r 

5,, = m 2 4~,~, (3.3) 
n 

fr0m 6e1n9 1nduced. 7h15 0perat0r 15 re1evant f0r even the 0rd1nary ferm10n m0de5. 
1f we w15h t0 06ta1n ch1ra1-1nvar1ant QCD 1n the c0nt1nuum 11m1t we mu5t carefu11y 
tune 0ne free parameter  1n 0ur 1att1ce act10n 1n 0rder t0 9uarantee that m appr0ache5 
2er0 a5 a ~ 0. 7hat  5uch tun1n9 15 re4u1red t0 atta1n a ch1ra1-1nvar1ant c0nt1nuum 
the0ry 5h0u1d n0t 6e re9arded a5 a 5er10u5 5h0rtc0m1n9 0f W1150n•5 meth0d. QCD 
c0nta1n5 a free parameter,  an 1ntr1n51c 4uark ma55, and the ch1ra1-1nvar1ant the0ry 
c0rre5p0nd5 t0 a part1cu1ar ch01ce 0f th15 parameter,  name1y 2er0. 70 p1ck 0ut the 
ch1ra1-5ymmetr1c the0ry we mu5t adju5t a kn06 t0 5et the 6are ma55 e4ua1 t0 2er0. 
1n pract1ca1 ca1cu1at10n5, 0ne may u5e W1150n•5 meth0d t0 determ1ne whether ch1ra1 
5ymmetry 15 5p0ntane0u51y 6r0ken 1n the c0nt1nuum the0ry. 7hat  15, 0ne can check 
that 1t 15 p055161e 6y tun1n9 0ne parameter t0 ch005e the p10n ma55 t0 6e 2er0, and 
that the ma551e55 p10n 06ey5 the 10w-ener9y the0rem5 wh1ch 5h0u1d 6e 5at15f1ed 6y 
the 601d5t0ne 6050n 0f ch1ra1 5ymmetry. 

1t 15 a150 p055161e t0 under5tand h0w the an0ma11e5 0f ch1ra1 5U(n)Lx 5U(n)R 
are re5t0red 1n the c0nt1nuum 11m1t 0f the  1att1ce the0ry [10, 11, 22]. Matr1x e1ement5 
0f the d1ver9ence5 0f the ch1ra1 5ymmetry current5 J~L and J~R c0up1e t0 the near1y 
ma551e55 0rd1nary ferm10n5 a5 we11 a5 t0 the m1rr0r ferm10n5 w1th ma55e5 M ~ 1 / a .  

A5 M ~ ~ ,  the m1rr0r ferm10n5 dec0up1e, 6ut a5 they d0 50 they repr0duce the 10ca1 
an0ma1y term5. 1ndeed, 0ne meth0d u5ed t0 c0mpute the an0ma1y 1n c0nt1nuum 
pertur6at10n the0ry wa5 t0 1ntr0duce a heavy re9u1at0r ferm10n t0 c0ntr01 11near 
u1trav101et d1ver9ence5 and then a110w the re9u1at0r ferm10n ma55 t0 appr0ach 
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1nf1n1ty [14]. 1n the 1att1Ce the0ry, m1rr0r ferm10n5 a55Ume the r01e 0f re9U1at0r 

ferm10n5. 

4. A 9enera112at10n 0f W1150n•5 meth0d 

We 5ee that W1150n•5 meth0d a110w5 u5 t0 take a c0nt1nuum 11m1t 0f 1att1ce QCD 
wh1ch ha5 a11 the de51red pr0pert1e5 0f the c0nt1nuum the0ry, 1nc1ud1n9 the de51red 
num6er  0f  119ht ferm10n5. N0w, what a60ut the0r1e5 wh1ch are n0t vect0r-11ke, 6ut 

1n5tead have ferm10n5 1n a c0mp1ex repre5entat10n 0f the 9au9e 9r0up• F0r the5e 
ch1ra1 9au9e the0r1e5, the d0u611n9 pr061em 15 e5pec1a11y de11cate, f0r the pre5ence 
0f the m1rr0r m0de5 1n the c0nt1nuum 11m1t a1ter5 the the0ry 1n an e55ent1a1 way. 1t 
c0nvert5 a the0ry wh1ch wa5 1ntended t0 6e ch1ra1 1nt0 a vect0r-11ke the0ry. 

W1150n•5 meth0d cann0t 6e 5tra19htf0rward1y extended t0 ch1ra1 9au9e the0r1e5, 
6ecau5e 1t 15 n0t p055161e t0 c0n5truct 9au9e-1nvar1ant, L0rent2-1nvar1ant 6111near5 
f0r a11 the ferm10n5 1n a ch1ra1 the0ry. A term 0f the f0rm (3.1), 91v1n9 ma55e5 0f 
0rder 1 /a  t0 a11 0f the m1rr0r ferm10n5, w0u1d nece55ar11y 6reak the 9au9e 5ymmetry. 

0 n e  m19ht h0pe that 1t 15 p055161e t0 arran9e 1n a ch1ra1 1att1ce 9au9e the0ry, 
w1th0ut any exp11c1t 6reak1n9 0f 9au9e 1nvar1ance, f0r the m1rr0r m0de5 t0 06ta1n 
1ar9e ma55e5 5p0ntane0u51y [23]. 8ut  th15 appr0ach 15 un11ke1y t0 y1e1d the de51red 
c0nt1nuum 11m1t, f0r tw0 rea50n5 [ 11]. F1r5t, the 1ar9e ma55e5 0f the m1rr0r ferm10n5 

are 60und t0 6e fed d0wn, thr0u9h 9au9e 6050n exchan9e effect5, t0 the 0rd1nary 
ferm10n5 m0de5, and 1t 15 n0t c1ear h0w the5e ma55e5 can 6e tuned t0 2er0 w1th0ut 

1ntr0duc1n9 n0n-9au9e-1nvar1ant c0unterterm5. 5ec0nd, 5p0ntane0u5 9enerat10n 0f 
ferm10n ma55e5 mean5, 1n a ch1ra1 9au9e the0ry, 5p0ntane0u5 6reakd0wn 0f the 
9au9e 5ymmetry. Un1e55, a5 5eem5 un11ke1y, 1t 15 p055161e t0 arran9e 6y a 5u1ta61e 
tun1n9 0f parameter5 f0r the 601d5t0ne 6050n5 t0 dec0up1e, 50me 0f the 9au9e 
6050n5 w111 ac4u1re ma55e5 0f 0rder 1/a.  1n the c0nt1nuum 11m1t the 9au9e 9r0up 
w111 6e a 5u69r0up 0f the 0r191na1 9au9e 9r0up, under wh1ch the ferm10n repre5enta- 
t10n 15 rea1.7h15 w111 519na1, n0t a 5p0ntane0u5 6reakd0wn 0f the 9au9e 5ymmetry 
due t0 the effect5 0f the 5tr0n9 9au9e c0up11n9, 6ut rather a fa11ure t0 c0n5truct the 
de51red c0nt1nuum the0ry. 

We pr0p05e an exten510n 0f W1150n•5 meth0d wh1ch e5chew5 60th exp11c1t and 
5p0ntane0u5 6reak1n9 0f the 9au9e 5ymmetry. We 1ntend t0 add a pertur6at10n t0 
the 1att1ce act10n 0f a ch1ra1 9au9e the0ry, ana1090u5 t0 W1150n•5 term, wh1ch w111 
cau5e the m1rr0r ferm10n m0de5 t0 dec0up1e 1n the c0nt1nuum 11m1t. 

A5 w111 6e exp1a1ned 1n 5ect5. 5 and 6, th15 pertur6at10n w111 61nd c0mp051te 
ferm10n5 wh1ch have appr0pr1ate 4uantum num6er5 t0 pa1r up w1th the unwanted 
m1rr0r ferm10n5 and 91ve them 1ar9e 9au9e-1nvar1ant ma55e5.8ut, 6ef0re c0n51der1n9 
the effect5 0f the pertur6at10n 1n deta11, 1et u5 115t 50me 0f the 9enera1 pr0pert1e5 
that 1t mu5t have, and 5ee h0w 1t 15 c0n5tructed. 

0 u r  d15cu5510n 0f the ferm10n d0u611n9 pr061em 1n 5ect5. 2 and 3 5u99e5t5 that 
we 5h0u1d re4u1re that th15 pertur6at10n 5at15fy the f0110w1n9 f0ur c0nd1t10n5. F1r5t 
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1t mU5t 6e 9aU9e 1nVar1ant. 5eC0nd, 1t mU5t 6reak exp11C1t1y a11 9106a1 f1aV0r 5ym- 
metr1e5 wh1ch have an0ma11e5.7h1rd, 1t mu5t 6reak exp11C1t1y any d15Crete 5ymmetr1e5 
wh1ch re1ate the m1rr0r m0de5 t0 the 0rd1nary m0de5. F0urth, 1t mu5t 6e ••re1evant•• 
f0r the m1rr0r m0de5, 6ut ••1rre1evant•• f0r the 0rd1nary m0de5. W1150n•5 term (3.1) 
f0r QCD ha5 a11 the5e pr0pert1e5. 1n a ch1ra1 9au9e the0ry a term 5at15fy1n9 the5e 
f0ur re4u1rement5 nece55ar11y 1nv01ve5 mu1t1ferm10n c0up11n95 0r c0up11n95 0f 
ferm10n 6111near5 t0 aux111ary 5Ca1ar f1e1d5 wh1ch a510 c0up1e t0 the 9au9e f1e1d5. 1n 
e1ther ca5e, the hyp0the5e5 0f the n0-90 the0rem 0f N1e15en and N1n0m1ya [12] are 
n0t 5at15f1ed. 

50 far, we have 0n1y exp1a1ned why we 6e11eve that the5e f0ur c0nd1t10n5 are 
nece55ary, 6ut we have n0t exp1a1ned h0w a pertur6at10n 5at15fy1n9 the5e c0nd1t10n5 
m19ht effect the dec0up11n9 0f the  m1rr0r m0de5 1n a ch1ra1 9au9e the0ry. P05tp0n1n9 
th15 exp1anat10n unt11 1ater, 1et u5 f1r5t c0n51der h0w the needed pertur6at10n 15 
C0n5tructed 1n a part1Cu1ar examp1e- the  5U(5) m0de1 de5cr16ed 1n 5ect. 1, w1th 
ferm10n5 

¢~, ~J 

10 5. (4.1) 

7h15 m0de1 ha5 a 9106a1 U(1) f1av0r 5ymmetry, and the U(1) 3 an0ma1y can 6e 
5aturated 6y a c0mp051te ferm10n wh1ch c0up1e5 t0 the 0perat0r 8 = 4~j~014J j. 7he 
51mp1e5t way t0 c0n5truct a pertur6at10n 5at15fy1n9 0ur cr1ter1a 15 t0 1ntr0duce a 
••5pectat0r•• ferm10n X wh1ch 15 an 5U(5) 51n91et, and the c0up11n95 

51(r1, r 2 ) = 2  r ,A(4~tP0X),  +h.C.+~ r2A(4~0~00), +h.C., (4.2) 
n n 

where 

1 ~ (An+1~ (A) (8) - - -  + A . 8 . + ~  U . ~  C . D .  + • . - 4 A . 8 . C . D . )  A ( A 8 C D ) .  = 2a  ~ U.;~ 8 . C . D .  • . 

(4.3) 

(Here the 11nk var1a61e U ~3) tran5f0rm5 a5 A d0e5 under the 9au9e 9r0up 6 = 5U(5).) 
7h15 pertur6at10n 1eave5 un6r0ken 0n1y an 5U(5)× U(1) 5ymmetry wh1ch ha5 n0 

an0ma11e5. 7he 4~0~0 term ha5 the 5ame 5tructure a5 15 9enerated 6y an 5U(5) 
1n5tant0n 1n the c0nt1nuum the0ry; 1t exp11c1t1y 6reak5 the U(1) 5ymmetry wh1ch 
w111 ac4u1re the fam111ar 7r (FF)  an0ma1y 1n the c0nt1nuum 11m1t [10, 11, 22, 24]. 
7he ~000X term re5pect5 a U(1) 5ymmetry under wh1ch the 5pectat0r ferm10n X 
carr1e5 a U(1) char9e 0pp051te t0 that 0f the c0mp051te 0perat0r 8 = 4~00. 7heref0re, 
the U(1) 3 an0ma11e5 cance1. 

7he ••der1vat1ve5•• appear1n9 1n (4.3) 5erve tw0 funct10n5. F1r5t, they exp11c1t1y 
6reak the d15crete 5ymmetr1e5 wh1ch w0u1d 0therw15e re1ate the 0rd1nary ferm10n 
m0de5 and the m1rr0r m0de5. 5ec0nd, they enhance the 1nteract10n5 0f the m1rr0r 
m0de5 re1at1ve t0 th05e 0f the 0rd1nary m0de5. 
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A5 we w111 5ee, 1t 15 thu5 p055161e, 1f the c0eff1c1ent5 r~, r2 1n e45. (4.2) take va1ue5 
1n a 5u1ta61e ran9e, that the m1rr0r m0de5 1nteract 5uff1c1ent1y 5tr0n91y t0 f0rm 60und 
5tate5, wh11e the 0rd1nary m0de5 d0 n0t. 1t 15 1n th15 5en5e that the pertur6at10n can 
6e re1evant f0r the m1rr0r m0de5, 6ut 1rre1evant f0r the 0rd1nary m0de5. 

0nce  we 1ntr0duce 51(r1, r2) n0th1n9 can prevent the appearance 0f 10wer- 
d1men510na1 term5 wh1ch are a110wed 6y the rema1n1n9 5ymmetr1e5. 7he5e term5, 
ana1090u5 t0 the ma55 term (3.3) 1n QCD, are 

50(A~,A2)=A1~,(4~,~,4J,X,+h.c.)+A2~(~,4~,~0,~0,+h.c.). (4.4) 
n n 

7hu5, the c0mp1ete 1att1ce act10n 1n the 5U(5) examp1e c0nta1n5 the pertur6at10n5 
(4.2) and (4.4), 1n add1t10n t0 u5ua1 9au9e-1nvar1ant k1net1c term5 f0r the f1e1d5 
and ~0 and a free k1net1c term f0r the f1e1d X. 

7he pertur6at10n5 0f e4. (4.2) and (4.4) 5uperf1c1a11y re5em61e th05e 1ntr0duced 
6y 5w1ft [23] 1n the c0ntext 0f the 5tandard 5U(2)x  U(1) e1ectr0weak m0de1, 50 we 
5h0u1d 5tre55 the key d1fference 6etween h15 appr0ach and 0ur5.1n ref. [23], m1rr0r 
ferm10n5 ac4u1re ma55 thr0u9h the 5p0ntane0u5 6reakd0wn 0f the e1ectr0weak 9au9e 
5ymmetry, and 9au9e 6050n5 a150 ac4u1re ma551n weak c0up11n9 pertur6at10n the0ry. 
1n 0ur appr0ach, man1fe5t 9au9e 1nvar1ance 15 reta1ned; 1n part1cu1ar, 9au9e 6050n 
ma55e5 van15h t0 a11 0rder5 0f weak c0up11n9 pertur6at10n the0ry. 

We 5h0u1d a150 empha512e the 1mp0rtant d1fference 6etween 0ur meth0d 1n ch1ra1 
9au9e the0r1e5 and W1150n•5 meth0d 1n QCD. 0 u r  pertur6at10n (4.2) ha5 6een 
c0n5tructed t0 exp11c1t1y nu111fy the 9enera1 ar9ument5 91ven 1n 5ect. 2, wh1ch re4u1re 
the 5urv1va1 0f m1rr0r exc1tat10n5 1n the c0nt1nuum 11m1t. W1150n•5 term (3.1) p1ay5 
the 5ame r01e 1n QCD. H0wever, the effect 0f W1150n•5 term 0n the m1rr0r ferm10n 
m0de5 can 6e 5tud1ed 1n weak-c0up11n9 pertur6at10n the0ry [25], wh11e 1n a ch1ra1 
9au9e the0ry, the m1rr0r m0de5 are prevented fr0m ac4u1r1n9 ma55e5 6y the 9au9e 
5ymmetry t0 a11 0rder5 1n weak-c0up11n9 pertur6at10n the0ry. 70 c1a1m that 0ur 
meth0d rem0ve5 the ferm10n d0u611n9 pr061em, then, we mu5t ar9ue that weak- 
c0up11n9 pertur6at10n the0ry 15 m151ead1n9, 6ecau5e the m1rr0r m0de5 are 5tr0n91y 
c0up1ed 6y the pertur6at10n (4.2). 7h15 ar9ument 15 5tren9thened 6y the 5tr0n9- 
c0up11n9 expan510n f0rmu1ated 1n the next 5ect10n. 

5. 7he 5tr0n9-c0up11n9 expan510n 

0 u r  90a115 t0 c0n5truct a the0ry wh1ch exh161t5 ch1ra1 ferm10n c0ntent at d15tance5 
much 5h0rter than the c0nf1nement 5ca1e 0f the  9au9e 1nteract10n. At 5h0rt d15tance5, 
the 9au9e c0up11n9 9 15 weak, 50 we may c0n51der, a5 an exce11ent appr0x1mat10n 
t0 the actua1 the0ry at 5h0rt d15tance5, the ca5e 1n wh1ch 9 = 0 ,  and the 0n1y 
n0nvan15h1n9 c0up11n95 are r~, r2, A1, ;t2 def1ned 1n e45. (4.2), (4.4). 7he pr061em 0f 
c0n5truct1n9 the 5U(5) ch1ra1 9au9e the0ry w1th the ferm10n c0ntent 10 + 3 6ec0me5, 
1n the 9 = 0 11m1t, the pr061em 0f c0n5truct1n9 a 1att1ce the0ry w1th an exact 5U(5) 
ch1ra1 5ymmetry 5uch that, a5 a ~ 0, there are ma551e55 free ferm10n5 tran5f0rm1n9 
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a5 10+3 under 5U(5) and a11 0ther ferm10n m0de5 w1th 5U(5) 4uantum num6er5 
are pu5hed up t0 1nf1nute ma55. 

1n the 5U(5) m0de1, the 1att1ce act10n 1n the 9 = 0 11m1t 6ec0me5 

5 :  K,~5k1n(~)4-Ktk5k1n(~1)~1-KX5k1n(X)+50(A1, A2) + 5 , ( r , ,  K2) , (5,1) 

where 5k1.15 the free k1net1c act10n 0f the 1nd1cated Ferm1 f1e1d, and 50, 5~ are 91ven 
6y e45. (4.2)-(4.4), w1th a11 11nk var1a61e5 U,,a rep1aced 6y 1. 7he the0ry def1ned 
6y (5.1) can 6e 5tud1ed ana1yt1ca11y 1n expan510n5 a60ut tw0 51mp1e 11m1t5: the 

weak-c0up11n911m1t A 1 = A 2 = r 1 = r2 = 0, and the 5tr0n9-c0up11n9 11m1t % = K, = K x = 
. r , =  r2=0. 

7he weak-c0up11n9 11m1t def1ne5 a c0nt1nuum the0ry w1th a d0u61ed ferm10n 
5pectrum. 1t 15 n0t the c0nt1nuum the0ry we 5eek. 

7he 5tr0n9-c0up11n9 11m1t 15 a 5tat1c 11m1t 1n wh1ch n0 pr0pa9at10n 0ccur5 at a11; 
1t 15 very d15tant fr0m any c0nt1nuum the0ry. 1t 15 n0nethe1e55 an 1ntere5t1n9 11m1t 
t0 5tudy, 6ecau5e the de9eneracy 6etween 0rd1nary ferm10n m0de5 and m1rr0r m0de5 
15 11fted 1n the expan510n a60ut th15 11m1t 1n p0wer5 0f r1.2. We expect that the the0ry 
def1ned 6y (5.1) ha5 a n0ntr1v1a1 pha5e 5tructure, and that th15 5tr0n9-c0up11n9 
expan510n may pr0v1de u5 w1th 1nf0rmat10n a60ut a c0nt1nuum 11m1t 1n wh1ch the 
m1rr0r m0de5 d0 n0t 5urv1ve. 7he pha5e 5tructure 0f the the0ry w111 6e further 
d15cu55ed 1n the next 5ect10n. Here we exp1a1n h0w the 5tr0n9-c0up11n9 expan510n 
15 f0rmu1ated. M0re deta11 can 6e f0und 1n append1x A. 

1n the 5tr0n9-c0up11n9 11m1t, a11 term5 1n the 1att1ce act10n wh1ch 11nk ne19h60r1n9 
51te5 are dr0pped, and a11 1nte9ra15 0ver f1e1d var1a61e5 fact0r12e 1nt0 a pr0duct 0f 
1nte9ra15, each perf0rmed at a 51n91e 51te. 7he ex15tence 0f a 5en5161e 5tr0n9-c0up11n9 
11m1t p1ace5 a n0ntr1v1a1 c0n5tra1nt 0n 50(A], A2): the ••vacuum funct10na1•• 0f the 
0ne-51te the0ry w111 van15h 6y Ferm1 5tat15t1c5 un1e55 there 15 a term 1n the expan510n 
0f e -50 1n wh1ch each ferm10n1c var1a61e appear5 exact1y 0nce. W1th 50 a5 1n e4. 
(4.4), we 5ee that, 51nce ~ ha5 10 c0mp0nent5, ~p 5 c0mp0nent5 and )t" 1 c0mp0nent 
(a11 t1me5 a fact0r 0f 2 f0r 5p1n de9eneracy), the 1nte9ra1 0f e -5° 15 

~ e-500c[A*A1(A*A2)~-] 2N, (5.2) 

where N 15 the num6er 0f 1att1ce 51te5. 7h15 5tr0n9-c0up11n9 11m1t 15 ana1090u5 t0 
the 5tat1c 11m1t 0f  QCD, 1n wh1ch the vacuum wave funct10n 15 pr0p0rt10na1 t0 the 
4uark ma55 ra15ed t0 a 1ar9e p0wer. We n0te that 60th term5 1n e4. (4.4) mu5t 6e 
pre5ent 1n 0rder that th15 5tat1c 11m1t ex15t. 

We can n0w perf0rm a 5tr0n9-c0up11n9 expan510n 1n p0wer5 0f K,pN,.xr1, 2 a60ut 
the 5tat1c 11m1t. 70 a11 0rder5 1n th15 expan510n, the 5pectrum 0f the the0ry c0nta1n5 
0n1y ma551ve 5tate5, even th0u9h the 5U(5) x U(1) ch1ra1 5ymmetry 15 exact, and the 
e1ementary ferm10n5 ~, ~6, X are a61e t0 ac4u1re D1rac ma55e5 c0n515tent w1th the 
5U(5) × U(1) ch1ra1 5ymmetry 6y pa1r1n9 up w1th c0mp051te ferm10n 5tate5. 



E. E1chten, J. Pre5k1U / Ch1ra1 9au9e the0r1e5 

I 

4, 
F19. 1. C0ntr16ut10n t0 (X,,)(0*) 0f 2er0th 0rder 1n r and 1ead1n9 0rder 1n K. 
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F0r examp1e, the C0ntr16Ut10n t0 the pr0pa9at0r  (Xr0(0*) t0 2er0th 0rder 1n r1, 2 and 
1ead1n9 0rder 1n K 15 1nd1Cated 1n f19. 1. We 5ee that )f pr0pa9ate5 11ke a ma551Ve 
D1raC ferm10n, W1th the C0mp051te 5tate ~0~04~ pr0V1d1n9 the re4U1red add1t10na1 
de9ree5 0f freed0m. 

70 2er0th 0rder 1n r1,2 and a11 0rder5 1n K~,,,x, the ferm10n m0de d0U611n9 per515t5; 
a11 0f the 16 m0de5 a550C1ated W1th X, f0r examp1e, have 1dent1Ca1 pr0pa9at0r5.7he 
de9eneracy 0f the 0rd1nary m0de5 and m1rr0r m0de5 15 11fted 1n 1ead1n9 0rder 1n 
r1, 2. A C0ntr16Ut10n t0 (X,0(*0) Wh1Ch 11ft5 the de9eneracy 15 5h0Wn 1n f19. 2. L005e1y 
5peak1n9, the de9eneracy 15 11fted 6eCaU5e m0de5 Wh1Ch 11Ve 0n d1fferent 5U61att1Ce5 
t0 a11 0rder5 1n K~,~. x and 2er0th 0rder 1n r1,2 6eC0me C0Up1ed t09ether t0 f1r5t 0rder 
1n r1,2. 5ee append1X A f0r further deta115. 

1n pertur6at10n the0ry, r1, 2 mU5t 6e re9arded a5 5ma11, and the 5p11tt1n95 6etWeen 
0rd1nary m0de5 and m1rr0r m0de5 are 5ma11 C0mpared t0 the 1ntr1n51C ma55 5Ca1e 
1/a  0f the the0ry. 8Ut the 5tr0n9-C0Up11n9 expan510n dem0n5trate5 that 1t 15 p055161e 
f0r a11 the m1rr0r m0de5 t0 aC4U1re ma55e5 C0n515tent W1th the 5U(5) X U(1) Ch1ra1 
5ymmetry. 7he key p01nt 15 that the 9enera112ed ••W1150n term5•• We have added t0 
the 1att1Ce act10n pr0dUCe 60Und 5tate5 Wh1Ch tran5f0rm appr0pr1ate1y Under 5U(5) X 

U(1) 50 that D1raC ma55e5 C0n515tent W1th the 5U(5)X U(1) 5ymmetry are a110Wed. 
0Ur h0pe, n0W, 15 that 1t 15 p055161e 6y a 5U1ta61e tun1n9 0f parameter5 t0 dr1Ve 

the ma55e5 0f the 0rd1nary m0de5 d0Wn t0 2er0, Wh11e ma1nta1n1n9 5p11tt1n95 0f 
0rder 1 / a  6etWeen the 0rd1nary m0de5 and the m1rr0r m0de5. 1f 50, there eX15t5 a 
C0nt1nUUm 11m1t 1n Wh1Ch the 0rd1nary m0de5 5Urv1Ve and the m1rr0r m0de5 deC0Up1e. 
7h15 p05516111ty 15 further d15CU55ed 1n the next 5eCt10n. 

A 5tat1C 11m1t and 5tr0n9-C0Up11n9 expan510n 11ke that pre5ented here f0r the 5U(5) 
m0de1 Can 6e f0rmU1ated f0r many Ch1ra1 9aU9e the0r1e5. 0 ther  examp1e5 are 
d15CU55ed 1n append1X 8. 

6. 7he  c0nt1nuum 11m1t 

7he 0utc0me 0f 0ur attempt t0 c0n5truct a ch1ra1 9au9e the0ry a5 the c0nt1nuum 
11m1t 0f a 1att1ce the0ry depend5 0n the pha5e 5tructure 0f the 1att1ce the0ry def1ned 

×  f2- x . . . . . .  • × 

F19. 2. C0ntr16ut10n t0 (X,0(0*) 0f f1r5t 0rder 1n r. 
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1n e4. (5.1). We have n0t determ1ned th15 pha5e 5trUCtUre. 1n th15 5eCt10n, We W111 
C0n51der d1fferent p055161e type5 0f 6ehaV10r, and W111 d15CU55 the1r 1mp11Cat10n5. 

7h15 1att1Ce the0ry Can 6e 5tUd1ed 1n 60th Weak-C0Up11n9 pertur6at10n the0ry and 

5tr0n9-C0Up11n9 pertur6at10n the0ry. Weak-C0Up11n9 pertur6at10n the0ry 15 an 
expan510n 1n }t1, 2 and r1.2, w1th K taken t0 6e 0f 0rder 0ne; t0 a11 0rder5 1n th15 

expan510n, there 15 a d0u61ed ma551e55 ferm10n 5pecttum. 5tr0n9-c0up11n9 pertur6a- 

t10n the0ry 15 an expan510n 1n K and r1.2, w1th 3.~.2 taken t0 6e 0f 0rder 0ne; the 

ferm10n5 are ma551ve t0 a11 0rder5 0f th15 expan510n, and the m1rr0r ferm10n m0de5 

are 5p11t fr0m the 0rd1nary m0de5 1n f1r5t 0rder 1n r], 2. (N0te that ••5tr0n9•• and 

••weak•• refer here t0 the va1ue 0f the f0ur-ferm10n c0up11n9; the 9au9e c0up11n9 

ha5 6een 5et e4ua1 t0 2er0.) 
Let u5 n0w 5pecu1ate a60ut the 6ehav10r 0f th15 the0ry a5 a funct10n 0f A~,2 and 

rL2 w1th K f1xed at a n0n2er0 va1ue. 1n 0rder t0 51mp11fy the d15cu5510n, we w111 

a55ume 1n1t1a11y that r], r 2 and A~, A2 1n e45. (4.2) and (4.4) 06ey re1at10n5 5uch that 

the act10n re5pect5 an 50(10) 5ymmetry under wh1ch (X, 4•, 4~) tran5f0rm a5 the 
1rreduc161e repre5entat10n 16. Hence, we may 5peak 0f a 51n91e parameter a and a 

51n91e r, and 0f the pha5e d1a9ram 1n the A - r p1ane. Later, we w111 c0n51der the 

effect 0f re1n5tat1n9 the pertur6at10n5 wh1ch 6reak the 50(10) 5ymmetry 6ack d0wn 

t0 5U(5) x U(1). (We d1d n0t c0n51der the 50(10) m0de1 fr0m the 6e91nn1n9 6ecau5e, 
1f we 9au9e 50(10), then there 15 n0 9106a1 U(1) 5ymmetry wh05e rea112at10n we 

can 1nve5t19ate.) 
F1r5t, we c0n51der the pha5e 5tructure a10n9 the 11ne r-= 0. 7he 5tr0n9 c0up11n9 

expan510n 1nd1cate5 that, f0r ;t 5uff1c1ent1y 1ar9e, there are ma551ve c0mp051te 

ferm10n5 wh1ch are de9enerate w1th the e1ementary ferm10n5; that 15, e1ementary 

tw0-c0mp0nent Wey1 ferm10n5 and c0mp051te tw0-c0mp0nent Wey1 ferm10n5 pa1r 
up t0 6ec0me ma551ve f0ur-c0mp0nent D1rac ferm10n5. A5 a decrea5e5, 0ne expect5 

the c0mp051te 5tate5 t0 6ec0me 1e55 t19ht1y 60und, and t0 appr0ach thre5h01d. At 

a cr1t1ca1 c0up11n9 ac, the 60und 5tate5 d15appear, and the e1ementary ferm10n5 
6ec0me ma551e55. F0r r = 0, the m1rr0r ferm10n m0de5 and the 0rd1nary m0de5 are 

de9enerate; theref0re 1n the c0nt1nuum 11m1t 0f the 1att1ce the0ry w1th a ~< Ac and 

r = 0, there are d0u61ed ma551e55 ferm10n5. 
N0w 5upp05e that we a110w r t0 a55ume a n0n2er0 va1ue. 7he mu1t1ferm10n W1150n 

term5 91ve d1fferent c0ntr16ut10n5 t0 the effect1ve va1ue 0f ;t at 1ar9e d15tance5 f0r 
0rd1nary m0de5 and m1rr0r m0de5.7heref0re, we expect a wed9e t0 0pen up 1n the 
A - r  p1ane, a5 1nd1cated 1n f19. 3, 1n 6etween the curve5 a10n9 wh1ch 60und 5tate5 
0f 0rd1nary ferm10n5 and m1rr0r ferm10n5 appr0ach thre5h01d. 1n51de th15 wed9e, 
c0mp051te 5tate5 c0nta1n1n9 m1rr0r ferm10n m0de5 rema1n 60und, 50 that the m1rr0r 
m0de5 are ma551ve. 8ut the 0rd1nary m0de5 are ma551e55, and 1nteract weak1y at 
d15tance 5ca1e5 1ar9e c0mpared t0 the 1att1ce 5pac1n9. 1n the c0nt1nuum 11m1t 0f the 
1att1ce the0ry 1n51de the wed9e, a11 m1rr0r ferm10n exc1tat10n5 dec0up1e, and we 
06ta1n a the0ry 0f ma551e55 free ch1ra1 ferm10n5• F1av0r an0ma11e5, 5uch a5 the 
an0ma1y 0f the 9106a1 U(1) current 1n 0ur 5U(5) examp1e, ar15e 1n the c0nt1nuum 
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X ma551ve 
ferm10n,~, 

m0551e55 
Xc ..,..t~2~-~ und0u61ed 

m10n5 

ma551e55 d0u61ed 
ferm10n5 

r 

F19. 3. Pha5e d1a9ram 1n the h -  r p1ane, a55um1n9 Ac ~ 0. C0mp051te ferm10n 5tate5 90 t0 thre5h01d 
a10n9 the curve5 5h0wn. 1n the 5haded re910n, there 15 a ma551e55 und0u61ed ferm10n m0de. 

11m1t a5 10Ca1 effect5 0f  the m1rr0r ferm10n5 Wh1Ch per515t a5 the m1rr0r ferm10n5 

deC0Up1e. 

Wh11e there  15 900d rea50n t0 6e11eVe that  a n0nren0rma112a61e C0Up11n9 Can 

pr0dUCe a 60Und 5tate 1n a CUt0ff the0ry 0n1y 1f the C0Up11n9 5tren9th eXCeed5 a 

n0nVan15h1n9 Cr1t1Ca1 Va1Ue [26], 1t 15 C0nCe1Va61e that  the Cr1t1Ca1 Va1Ue 0f  A 15 

aCtUa11y Ac = 0. 1n th15 Ca5e, the ferm10n5 have n0n-2er0 ma55e5 f0r ar61trar11y 5ma11 

A, and Weak-C0Up11n9 pertur6at10n the0ry  1n A ha5 n0 rad1U5 0f  C0nVer9enCe; the 

a p p r 0 a c h  t0 the A ---- 0 11m1t 15 n0nana1yt1C. 1f the Cr1t1Ca1 Va1Ue 0f  A 15 Ac---- 0 When 

r = 0, then We eXpeCt that  the effect1Ve Va1Ue 0f  A at 1ar9e d15tance5 Van15he5 f0r the 

Var10U5 ferm10n m0de5 a10n9 CUrve5 1n the A - - r  p1ane, a5 1nd1Cated 1n f19. 4. A 

C0nt1nUUm 11m1t W1th Und0U61ed ma551e55 ferm10n5 Can 6e 06ta1ned 0n1y a10n9 the5e 

CUrve5, ra ther  than  1n51de a Wed9e. 7h15 51tUat10n 15 4U1te rem1n15Cent 0f  the 

C0nt1nUUm 11m1t 1n Q C D  W1th W1150n ferm10n5. 

We have de5Cr16ed a60Ve the de51red 6ehaV10r 0f  0Ur 1att1Ce the0ry 1n the A -- r 

p1ane, Wh1Ch a110W5 the C0n5trUCt10n 0f  a C0nt1nUUm the0ry W1th Und0U61ed Ch1ra1 

ferm10n5. Let U5 n0W enumera te  50me 0f  the th1n95 Wh1Ch C0U1d 90 Wr0n9; that  15, 

C1rCUm5tanCe5 Wh1Ch W0U1d prevent  the C0n5trUCt10n 0f  the de51red Ch1ra1 C0nt1nUUm 

the0ry.  

F1r5t 0f  a11, there  15 a 5er10U5 dan9er  that  0Ur mU1t1ferm10n 1nteraCt10n5 W111 CaU5e 

50me 0f  the eXaCt 5ymmetr1e5 0f  the 1att1Ce the0ry  t0 6eC0me 5p0ntane0U51y 6r0ken.  

1ndeed,  there  are Ca5e5 1n Wh1Ch 5UCh 5p0ntane0U5 5ymmetry 6reakd0Wn 15 eXpeCted 

[26], even th0U9h there 15 n0 1nd1Cat10n 0f  1t 1n e1ther Weak-C0Up11n9 0r 5tr0n9- 

c0up11n9 pertur6at10n the0ry  [ 16, 27]. A5 we n0ted  1n 5ect. 4, 5p0ntane0u5 6 reakd0wn  

ma551e55 
und0u 61ed 

ferm10n5 

- ~ r 

F19. 4. Pha5e d1a9ram 1n the A -- r p1ane, a55Um1n9 Ac = 0. 7here are ma551e55 Und0U61ed ferm10n m0de5 
a10n9 the curve5 5h0wn. 
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0f the 9aU9e 5ymmetry W111 m05t 11ke1y re5U1t 1n a fa11Ure t0 C0n5trUCt the de51red 
C0nt1nUUm the0ry. EVen 5p0ntane0U5 6reakd0Wn 0f L0rent2 1nVar1anCe 15 a p0551611- 
1ty [28]. 

Even 1f the exact 5ymmetr1e5 rema1n man1fe5t and C0mp051te ferm10n 5tate5 ex15t 

wh1ch 6ec0me un60und at A = Ac, 1t m19ht n0t 6e p055161e, f0r any ch01ce 0f r, t0 
ma1nta1n ma55e5 f0r the m1rr0r ferm10n m0de5 0f 0rder 1/a wh11e the 60und 5tate5 

0f the 0rd1nary ferm10n m0de5 appr0ach thre5h01d. 7hat th15 15 p055161e 5eem5 

p1au5161e, 6ut 15 n0t 9uaranteed. 

F1na11y even 1f a c0nt1nuum 11m1t ex15t5 w1th a11 the pr0pert1e5 we de51re, 1t m19ht 

6e an un5ta61e f1xed p01nt. 1f 1t 15 nece55ary t0 tune an 1nf1n1te num6er 0f parameter5 

t0 reach the de51red f1xed p01nt, then 0ur pr09ram ha5 fa11ed. 
15 1t rea50na61e t0 fear e1ther the 5p0ntane0u5 6reakd0wn 0f the 50(10) 5ymmetry 

0r the 1neffect1vene55 0f the W1150n pertur6at10n 1n ma1nta1n1n9 a 5p11tt1n9 6etween 

0rd1nary m0de5 and m1rr0r m0de5 near the 60und 5tate thre5h01d• 7hat the5e are 

9enu1ne p05516111t1e5 15 6etter apprec1ated 1f we n0w c0n51der the effect 0f re1n5tat1n9 
the pertur6at10n5 Wh1ch exp11C1t1y 6reak 50(10) d0wn t0 5U(5)x U(1); we den0te 
6y A and r the c0eff1c1ent5 0f the 4uart1c c0up11n95 wh1ch pre5erve the 50(10) 

5ymmetry, and 6y A• and r• the c0eff1C1ent5 0f the c0rre5p0nd1n9 c0up11n95 Wh1ch 

6reak 50(10) 6ut pre5erve 5U(5)X U(1). 7he p01nt 15 that we can ar9ue that 0ur 

5tr0n9 c0Up11n9 expan510n mu5t 6e 1n 50me re5pect m151ead1n9. 
1n the expan510n a60Ut A = ~ ,  r =  A•= r•=0, there 15 n0 1nd1cat10n that 50(10) 

6ec0me5 5p0ntane0u51y 6r0ken at 1ntermed1ate va1ue5 0f A. Furtherm0re, 1n f1r5t 

0rder 1n r, the de9eneracy 0f the 0rd1nary and m1rr0r m0de5 c0up11n9 t0 (X, ~, ~) - a 
16 0f 50(10) - 15 rem0ved. A150, 1n 10W 0rder 1n A•, the de9eneracy 0f the m0de5 

c0up11n9 t0 X, ~6, and ~ 15 rem0ved*; th15 de9eneracy 15 enf0rced 6y the 50(10) 

5ymmetry, 6ut n0t 6y the 5U(5) X U(1) 5ymmetry. 8ut 1t 15 1mp055161e f0r a11 the5e 
feature5 t0 per515t d0wn t0 the Cr1t1ca1 va1ue A = Ac at wh1Ch the 60und 5tate5 

d15appear. F0r 1f 1t were p055161e, then, 6y ch0051n9 A = Ac and r, A• 5ma11 6ut 
n0nvan15h1n9, we c0u1d c0n5truct a c0nt1nuum the0ry 1n wh1ch 0n1y the 0rd1nary 

m0de c0up11n9 t0 0ne 0f X, ~6, 0r 4~ 5urv1ve5, and wh1Ch ha5 n0 5U(5)xU(1)  

an0ma11e5. N0 5uch c0nt1nuum the0ry ex15t5. 
We are 1eft t0 ch005e fr0m am0n9 three 5urpr151n9 p05516111t1e5. Perhap5, f0r 

A = Ac, r = A•= r•=0, the 50(10) 5ymmetry 15 5p0ntane0u51y 6r0ken t0 a n0nCh1ra1 
5ymmetry. 7hen 1t 15 c0n515tent f0r 5p11tt1n95 0f 0rder r and 0rder A• t0 0ccur; the 
exact un6r0ken 5ymmetr1e5 0f the 1att1ce the0ry w111 n0t 6ec0me an0ma10u5 1n the 
C0nt1nuum the0ry. Perhap5 the 50(10) 5ymmetry (0r a ch1ra1 5u69r0up) rema1n5 
man1fe5t at A = )tc, 6ut there 15 n0 5p11tt1n9 even f0r n0n2er0 r 6etween the cr1t1ca1 
va1ue5 0f A at wh1ch the 60und 5tate5 0f 0rd1nary m0de5 and m1rr0r m0de5 d15appear, 
c0ntrary t0 0ur expectat10n 6a5ed 0n the 6ehav10r f0r 1ar9e A. 0 r  perhap5, when 
A = Ac, there 15 n0 0rder A• 5p11tt1n9 0f the de9eneracy 0f X, ~, and ~. Each 0f the 

* We have f0und that the de9eneracy 15 n0t rem0ved 1n f1r5t 0rder 1n A•, 6ut have n0 rea50n t0 expect 
1t t0 per515t 1n h19her 0rder5. 
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1atter tW0 p05516111t1e5 re4U1re5 that there 15 a m0de de9eneracy Wh1Ch 15 n0t enf0rced 
6y any apparent  eXaCt 5ymmetry, 6Ut th15 re4U1rement 5eem5 1e55 1mp1aU5161e When 
We reca11 that the Ch1ra1 m0de d0U611n915 a1ready an examp1e 0f 5UCh a phen0men0n. 
0Ur attempt t0 C0n5trUCt a Ch1ra19aU9e the0ry W1115UCCeed 0n1y 1f the th1rd p05516111ty 
15 rea112ed. 

7he p01nt 0f the a60Ve d15CU5510n 15 n0t that 1t m19ht 6e p055161e t0 C0n5truCt a 

Ch1ra1 9aU9e the0ry W1th 9aU9e 9r0Up 50(10) 6Ut n0t 0ne 1n Wh1Ch the 5U69r0Up 
5U(5) 15 9aU9ed. C1ear1y, 1f We Can 9aU9e 50(10) then We Can 9aU9e any 5U69r0Up; 
We need 0n1y 6reak 50(10)  t0 5U(5) 6y the H1995 mechan15m. Rather, the p01nt 15 
that We 9a1n 1n519ht 1nt0 h0W 0Ur the0ry m19ht 6ehaVe 6y f1r5t C0n51der1n9 the the0ry 
W1th 50(10)  5ymmetry, and then 1n4U1r1n9 a60Ut the effect 0f a pertur6at10n Wh1Ch 
6reak5 50(10)  t0 5U(5) X U(1). 1t may 6e en119hten1n9, 1n fact, t0 6aCk Up an0ther 
5tep and C0n51der a the0ry W1th an even 1ar9er 5ymmetry. 

Re9ard1n9 0ur f1e1d5 X, 41, ~ a5 mak1n9 up a 16 (den0ted 6y ~6) 0f an exact 5U(16) 
5ymmetry 9r0up, we can c0n5truct the 5U(16)-1nvar1ant act10n 

5(K,  A, r)~-K5k1n(~J)-FY~1Ea1"~a16[A~Jan . . . .  ~jat6 + rA (1~ a . . . .  1]ja16) ] (6.1) 
n 1 6 .  

where 

1 a1 a2 ~/a16 _1_ a1 a2 " • "  ~ n  4~n~,~ 
~ 

- 1 6  ~6,~ . . . .  t k ~ )  • ( 6 . 2 )  

7he 5tr0n9-C0Up11n9 expan510n 1n th15 the0ry 15 4ua11tat1Ve1y 51m11ar t0 that 0f the 
50(10) the0ry; f0r 1ar9e A, 0rd1nary m0de5 and m1rr0r m0de5 are 5p11t 1n 0rder r. 
51nCe the eXaCt 5U(16) 5ymmetry 15 ••an0ma10U5•• - a C0nt1nUUm the0ry W1th a 51n91e 
Wey1 ferm10n tran5f0rm1n9 a5 a 16 0f 5U(16) ha5 an0ma11e5 - there are three p055161e 
type5 0f 6ehaV10r 0f th15 the0ry that We Can d15t1n9U15h f0r h -- Ac, the Cr1t1Ca1 Va1Ue 
0f h at Wh1Ch the 60Und 5tate5 d15appear. 

7he 5U(16) 5ymmetry m19ht 6e 5p0ntane0U51y 6r0ken t0 a n0nCh1ra1 5ymmetry 
(5UCh a5 50(16))  f0r A -- hc. 7hen We are Una61e t0 06ta1n a Ch1ra1 C0nt1nUUm the0ry 
f0r any Va1Ue 0f r. 7he 5U(16) 5ymmetry m19ht 6e Un6r0ken, 0r 5p0ntane0U51y 
6r0ken t0 a 5U69r0Up under Wh1Ch the ferm10n5 have an0ma11e5.8Ut then we kn0w 
that the W1150n term mU5t 6e Una61e t0 5p11t the 0rd1nary and m1rr0r m0de5 at 
A - Ac; 0therw15e, we w0u1d have a 1att1ce the0ry w1th exact 5U(16) 5ymmetry that 
ac4u1red 5U(16) an0ma11e5 1n the c0nt1nuum 11m1t, wh1ch 15 1mp055161e. 50 a9a1n 
we cann0t 06ta1n a ch1ra1 c0nt1nuum the0ry. F1na11y, 5U(16) m19ht 6e 5p0ntane0u51y 
6r0ken t0 a ch1ra1 5u69r0up (5uch a5 50(10))  under wh1ch the ferm10n5 tran5f0rm 
a5 a c0mp1ex repre5entat10n w1th n0 an0ma1y. 0n1y 1n the th1rd ca5e can we 5ucceed 
1n c0n5truct1n9 a ch1ra1 c0nt1nuum the0ry. 8ut  even 1f the th1rd, fav0ra61e, ca5e 15 
n0t 5e1ected 1n the 11m1t 0f exact 5U(16) 5ymmetry we m19ht 6e a61e t0 enc0ura9e 
the the0ry t0 rea112e th15 p05516111ty 6y add1n9 pertur6at10n5 wh1ch 6reak 5U(16) 
6ut pre5erve, 5ay, 50(10).  
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We h0pe, n0w, that the reader apprec1ate5 that there are 5er10u5 4ue5t10n5 a60ut 
the c0rrectne55 0f the pha5e 5tructure we have pr0p05ed 1n f19. 2, 6ut that we are 
n0t 6e1n9 w11d1y 0pt1m15t1c 1n 5u99e5t1n9 that a ch1ra1 c0nt1nuum the0ry can 6e 
c0n5tructed 6y the meth0d we have 5u99e5ted. 

50 far, we have d15cu55ed 0ur ch1ra1 the0ry 0n1y f0r the ca5e 0f van15h1n9 9au9e 
c0up11n9. Let u5 n0w c0n51der h0w the the0ry 15 affected when the 9au9e c0up11n9 
c0n5tant 15 turned 0n. At 5h0rt d15tance5, much 1e55 than the c0nf1nement 5ca1e 0f 
the 9au9e 1nteract10n, 0ur prev10u5 p1cture 15 unm0d1f1ed. 7he 9au9e c0up11n9 d0e5 
n0t 1nterfere w1th 0ur a6111ty t0 5p11t the m1rr0r m0de5 fr0m the 0rd1nary m0de5, 
and 1f there 15 a 5ta61e f1xed p01nt w1th ch1ra1 ferm10n c0ntent when the 9au9e 
c0up11n9 van15he5, then we w111 5t111 6e a61e t0 reach that f1xed p01nt after the 9au9e 
c0up11n9 15 turned 0n. A5 u5ua1 1n an a5ympt0t1ca11y-free 1att1ce 9au9e the0ry, the 
9au9e c0up11n9 w111 6e ch05en t0 van15h at the f1xed p01nt. 

At 1ar9e d15tance5, the effect1ve 9au9e c0up11n9 6ec0me5 5tr0n9, and the the0ry 
15 5u65tant1a11y m0d1f1ed 6y the 9au9e 1nteract10n. 0 u r  90a1, 0f c0ur5e, ha5 6een t0 
5tudy th15 n0npertur6at1ve phy51c5; 1n part1cu1ar, we w15h t0 determ1ne the rea112at10n 
0f the 9au9e 5ymmetry and 9106a1 f1av0r 5ymmetr1e5 0f the ch1ra1 9au9e the0ry. 

A h1nt c0ncern1n9 the rea112at10n 0f the 9106a1 U(1) 5ymmetry 0f 0ur 5U(5) m0de1 
can 6e extracted fr0m the expan510n a60ut 1nf1n1te 9au9e c0up11n9, 9 =c~. F0r 
1nf1n1te 9au9e c0up11n9, 0n1y 5U(5)-51n91et 5tate5 can pr0pa9ate. Hence, t0 any f1n1te 
0rder 1n the h0pp1n9 parameter K, the ferm10n 5pectrum c0n515t5 0f m0de5 c0up11n9 
t0 the e1ementary ••5pectat0r•• f1e1d X and 0f m0de5 c0up11n9 t0 the 5U(5)-51n91et 
c0mp051te 0perat0r ~p~,. Furtherm0re, the U(1) 9106a1 5ymmetry 15 man1fe5t f0r 
1ar9e and 5ma11 9au9e c0up11n9 t0 any 0rder 1n K; there 15 n0 ma551e55 ••5p1n wave•• 
exc1tat10n. 7he U(1) 5ymmetry thu5 ha5 a 5tatu5 51m11ar t0 that 0f the vect0r11ke 
9106a1 5ymmetr1e5 0f QCD, treated 6y W1150n•5 meth0d. 7h15 065ervat10n 6015ter5 
the c0ntent10n that the U(1) 5ymmetry rema1n5 man1fe5t 1n the c0nt1nuum 11m1t, 
w1th the •t H00ft an0ma1y c0nd1t10n 5aturated 6y a ma551e55 ferm10n c0up11n9 t0 
the c0mp051te 0perat0r ¢~6tp. 

1n pract1ce, whether we d0 numer1ca1 0r 5tr0n9-c0up11n9 ca1cu1at10n5, we can 
ver1fy that the ch1ra1-1nvar1ant c0nt1nuum 11m1t ha5 6een reached 0n1y 6y check1n9 
that the part1c1e 5pectrum 5at15f1e5 certa1n re4u1rement5; hence, there 15 a p055161e 
am619u1ty. 1n 0ur 5U(5) m0de1, f0r examp1e, the 5pectrum 0f the c0nt1nuum the0ry 
5h0u1d c0nta1n e1ther a 601d5t0ne 6050n, 1fthe 9106a1 U(1) 15 5p0ntane0u51y 6r0ken, 
0r a ma551e55 ferm10n, 1f U(1) 15 un6r0ken. 0ne  h0pe5 that 0n1y 0ne 0f the5e tw0 
p05516111t1e5 can 6e rea112ed 6y an appr0pr1ate tun1n9 0f parameter5. 1f 50, the 
rea112at10n 0f the U(1) 5ymmetry can 6e determ1ned 6y an ana1y515 0f the 5pectrum 
0f the the0ry. 

We d0 n0t expect th15 am619u1ty t0 ar15e; 1t 15 mere1y a p05516111ty wh1ch we 
cann0t exc1ude. 1n the 5U(5) m0de1, the pertur6at10n (4.4) 1nduce5 a ma55 term 1n 
the effect1ve 1att1ce act10n c0up11n9 the 5pectat0r ferm10n X t0 the 5U(5)-51n91et 
c0mp051te ferm10n 0perat0r 8 - ~tp~. 0 u r  expectat10n 15 that th15 ma55 term can 6e 
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tuned t0 2er0, 50 that the 5pectat0r dec0up1e5 fr0m the ch1ra1 9au9e the0ry. When 
the 5pectat0r 15 dec0up1ed, 8 w111 6e ma551e55, 1f the 9106a1 U(1) 5ymmetry 15 n0t 
5p0ntane0u51y 6r0ken. 

51m11ar1y, we11-f0rmu1ated 4ue5t10n5 a60ut the rea112at10n 0f the 9au9e 5ymmetry 
can 6e expre55ed a5 c0nd1t10n5 0n the 5pectrum, and can thu5 6e addre55ed 6y 
numer1ca1 0r 5tr0n9-c0up11n9 1att1ce ca1cu1at10n5. 

7. C0nc1u510n5 

7here are tw0 centra1 4ue5t10n5 c0ncern1n9 ch1ra19au9e the0r1e5.7he f1r5t 4ue5t10n 
15, can c0nt1nuum the0r1e5 w1th 9au9ed ch1ra1 5ymmetr1e5 6e c0n5tructed at a117 7he 
5ec0nd 4ue5t10n 15, h0w are the 9au9e and 9106a1 5ymmetr1e5 0f the5e the0r1e5 
rea112ed• 1n th15 paper, we have addre55ed 0n1y the f1r5t 4ue5t10n, and we have 
arr1ved at n0 une4u1v0ca1 an5wer. 

H0wever, we have pr0p05ed a 5cheme f0r c0n5truct1n9 c0nt1nuum ch1ra1 9au9e 
the0r1e5 wh1ch we 6e11eve ha5 a rea50na61e chance 0f w0rk1n9, and the va11d1ty 0f 
0ur 5cheme can 6e checked. 

We have 5h0wn that 1t 15 p055161e, w1th0ut 6reak1n9 the 9au9e 5ymmetry, t0 
c0n5truct a 5tr0n9-c0up11n9 11m1t 0f a 1att1ce ch1ra1 9au9e the0ry 1n wh1ch a11 ferm10n5 
are ma551ve, and the ••m1rr0r•• ferm10n m0de5 are heav1er than the ••0rd1nary•• 
ferm10n m0de5. E1ementary ferm10n5 tran5f0rm1n9 a5 a c0mp1ex repre5entat10n 0f 
the 9au9e 9r0up are a61e t0 ac4u1re exp11c1t ma55e5 c0n515tent w1th the 9au9e 
5ymmetry 6y pa1r1n9 up w1th c0mp051te ferm10n 5tate5 tran5f0rm1n9 a5 the c0nju9ate 
repre5entat10n 0f the 9au9e 9r0up. 7he c0mp051te ferm10n 5tate5 are 60und, n0t 6y 
the 9au9e 1nteract10n, 6ut 6y an aux111ary 1nteract10n wh1ch ha5 6een 1ntr0duced 
f0r th15 exp11c1t purp05e. 

7he c0mp051te 5tate5 c0nta1n1n9 0rd1nary ferm10n m0de5 6ec0me un60und f0r 
50me cr1t1ca1 va1ue 0f the c0up11n9 5tren9th 0f the aux111ary 1nteract10n. We ar9ued 
that, 1f 1ar9e 5p11tt1n95 6etween the 0rd1nary m0de5 and m1rr0r m0de5 can 6e 
ma1ntaned at the cr1t1ca1 p01nt, then a c0nt1nuum ch1ra1 9au9e the0ry can 6e 
c0n5tructed. 

1n pr1nc1p1e, M0nte Car10 ca1cu1at10n5 1mp1ement1n9 0ur 5cheme can 6e d0ne, 
6ut rea50na61y eff1c1ent meth0d5 f0r dea11n9 w1th ferm10n5 w111 6e needed. 0 n e  
p055161e appr0ach 15 t0 1ntr0duce aux111ary 5ca1ar var1a61e5 50 that the act10n can 
6e rewr1tten 1n a f0rm 4uadrat1c 1n ferm10n1c var1a61e5, and then 1nte9rate 0ut the 
ferm10n5. 7he n0n10ca1 term5 1n the re5u1t1n9 effect1ve act10n are an e55ent1a1 part 
0f the dynam1c5, and cann0t 6e 19n0red. Numer1ca1 ana1y515 0f a ch1ra1 9au9e the0ry 
5h0u1d 6e91n w1th a 5earch f0r a cr1t1ca1 p01nt 1n the the0ry w1th van15h1n9 9au9e 
c0up11n9. 

1t may a150 pr0ve u5efu1 t0 carry 0ut m0re deta11ed ca1cu1at10n5 1n 5tr0n9-c0up11n9 
pertur6at10n the0ry. 0 n e  m19ht 9a1n 1n519ht 1nt0 the pha5e 5tructure 0f the un9au9ed 
the0ry 6y ca1cu1at1n9 t0 5uff1c1ent1y h19h 0rder 1n the expan510n 1n K and r. And, 1t 
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may 6e p055161e t0 5tudy the fu11 9au9e the0ry c105e t0 the cr1t1ca1 p01nt 6y d01n9 
h19h-0rder ca1cu1at10n5, and thu5 06ta1n 50me 1nf0rmat10n a60ut the 5pectrum 0f 
the c0nt1nuum the0ry. 

0 u r  attempt5 t0 c0n5truct ch1ra1 9au9e the0r1e5 0n the 1att1ce have 1ed u5 t0 
pr0p05e a c0mp11cated meth0d 1nv01v1n9 5pecu1at1ve dynam1c5. We make th15 
pr0p05a1 6ecau5e we 5ee n0 a1ternat1ve*. 7he ferm10n d0u611n9 pr061em 15 a 9ener1c 
pr061em f0r any the0ry wh1ch ha5 ch1ra15ymmetry and 15 re9u1ated at 5h0rt d15tance5; 
5ymmetr1e5 wh1ch are t0 ac4u1re an0ma11e51n the c0nt1nuum the0ry mu5t 6e exp11c1t1y 
6r0ken 1n the 1att1ce the0ry. M0re0ver, 1t 15 1mp055161e t0 91ve ma55 t0 the m1rr0r 
ferm10n m0de51n weak-c0up11n9 pertur6at10n the0ry 1n a ch1ra19au9e the0ry w1th0ut 
exp11c1t1y 6reak1n9 the 9au9e 5ymmetry. 7hu5 0ne 15 1ed t0 c0n5truct 1att1ce the0r1e5 
w1th 5ymmetry-6reak1n9 term5 0f h19h d1men510n and t0 5eek n0ntr1v1a1 f1xed p01nt5 
1n the5e the0r1e5.1n th15 paper, we have taken a f1r5t tentat1ve 5tep 1n th15 d1rect10n. 

We thank Pau1 61n5par9 and 5teve 5henker f0r 5har1n9 w1th u5 the1r 1n519ht5 1nt0 
the ferm10n d0u611n9 pr061em. 

Append1x A 

7HE 5 7 R 0 N 6  C 0 U P L 1 N 6  E XP AN510N F 0 R  7HE  5U(5) M 0 D E L  

1n th15 append1x we de5cr16e 1n 9reater deta11 the 5tr0n9-c0up11n9 expan510n 
f0rmu1ated 1n 5ect. 5. We w111 determ1ne the 5pectrum 0f 10w-1y1n9 ferm10n and 
5ca1ar 5tate5 t0 1ead1n9 n0ntr1v1a1 0rder 1n the 5tr0n9-c0up11n9 expan510n. Here we 
c0n51der 0n1y the 5U(5) m0de1 d15cu55ed 1n the text. 0 ther  examp1e5 are c0n51dered 
1n append1x 8. 

7he 1att1ce act10n 0f e4. (5.1) f0r the (un9au9ed) 5U(5) m0de1 15 91ven m0re 
exp11c1t1y 6y 

5 = 5k1n(K~, K¢1,, KX)-~50(1~1, /~2) ~- 81(r1,  r 2 ) ,  ( A . 1 )  

where 

and 

50(A. ~ )  = ~,50, + ~50~ 

501 ~ ~ 7 17 j (~(n)cr2cr~,X(n))(~6 (n)tr2(r~6 (n ) )+h .c . ,  (A.2) 
n 

802 = ~ 1 7 5 7 1jk1r 2(~/j(n)~20-~6 (n))(~kt(n)0~20~,~r5(n))e +h.c . .  (A.3) 
n 

7he k1net1c term5 f0r the ferm10n5 may 6e wr1tten 

5k1n(K. ,  K,,  KX) :-  K .5k1n (~ )  "•[- K4j5k1n(~/) "•[- KX5k1n()(), 

where f0r examp1e 

5k10(4•) 2a n,~ 0~(n)°~"0~(n+~2) (A.4) 

* W1th the p055161e except10n 0f the meth0d 0f ref. [16]. 
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w1th ~ def1ned 6y 

A(n +/2) = ~ (A(n +/2) - A(n - / 2 ) ) ,  (A.5) 

where/2 15 a un1t 5h1ft 1n the p051t1ve t2 d1rect10n. F1na11y, 0ur mu1t1ferm10n ••W1150n 

term5•• are 

51(r1, r2) = r1A501W r2A502 , 

where A 15 the 5h1ft 0perat0r 1ntr0dUCed 1n e4. (4.3) 

A.6) 

= -  1•• E [A1(n+/2)A2(n)••" At(n) A ( A ~ ( n ) ~  At(n) 2a ~ 

+ A1(n)A2(n+ /2)A3(n) • • " A,(n) • • • 

+ A ~ ( n ) ~ .  A ~ ( n + / 2 ) - 1 A 1 ( n ) ~  A,(n)] .  (A.7) 

1t 15 c0nven1ent t0 a650r6 the 10ca1 part 0f 5~(r1, r2) 1nt0 the 2er0th-0rder act10n. 
We then 06ta1n the new 2er0th-0rder act10n 

50(A/, A2)  = A1501 + A2502 , (A.8) 

where 

16r1 
A , = A , + - -  (1= 1,2) .  (A.9) 

a 

We n0w re9ard the 5tr0n9-c0up11n9 expan510n a5 an expan510n 1n K and r w1th A 
he1d f1xed 

When K~ = K~0 = K x = r1 = r2 = 0 there are n0 c0up11n95 6etween ne19h60r1n9 51te5, 
and the vacuum funct10na1 15 51mp1y 

(e-5°) - -~e-50=H(~e-5°(~)=H(C(A*A2)2(A*2A2)6) ,  (A.10) 

where C 15 a numer1ca1 c0n5tant wh1ch re5u1t5 fr0m d01n9 the 1nte9ra15 0ver the 
ferm10n1c de9ree5 0f freed0m at each 51te. 7he 5tr0n9-c0up11n9 11m1t 15 a 5tat1c 11m1t 
1n wh1ch n0 pr0Pa9at10n 0ccur5. Pr0pa9at10n fr0m 51te t0 51te may 6e treated 
pertur6at1ve1y 6y expand1n9 1n the ••h0pp1n9 parameter5•• K and r. 

We n0w turn t0 the ana1y515 0f the 5pectrum 0f 10w-1y1n9 5tate5 1n the 5tr0n9- 
c0up11n9 11m1t. 70 6e91n 1et u5 f1nd the ma55 0f the 119hte5t 5tate5 wh1ch c0up1e t0 
the 5pectat0r f1e1d X- 7h15 ma55 can 6e extracted fr0m the a5ympt0t1c 1ar9e-d15tance 
6ehav10r 0f  the tw0-p01nt funct10n 

(X~(n) e-5X~(0)) (A.11) 
57(~(n; X)=- (e-5) 
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We w111 f1nd the ma55 6y 501v1n9 a recur510n re1at10n f0r 5K wh1ch h01d5 t0 1ead1n9 
n0ntr1v1a1 0rder 1n K and r. 

7he recur510n re1at10n f0r 5 r  t0 0rder K 3 and 0rder r 15 

2 

5 ~ ( n ) = ~ ,  - a ~  ~ . ,  (2a13A1y~( ) ,5M~(n+12)+ r1 L 5~t3(n+1~) a 2aA1 •¢ 
(A.12) 

Here 5M 15 def1ned 6y 

5~wt~(n; X) = (8*~(n) e-5X~(0))/(e-5),  (A.13) 

where 8 15 the c0mp051te 0perat0r 

8 ~ ( n )  • 17 j 7 = ,20(~9 (n)0~20~9 (n))((p/j(n)0~20~.)~. (A.14) 

7he 0r191n 0f the tw0 term5 1n e4. (A.12) 15 1nd1cated 1n f19. 5.1f  the f1e1d X 51t5 at 
51te n, the 1nte9rat10n 0ver X(n) re4u1re5 0ne 1e55 p0wer 0f A] fr0m the expan510n 
0f exp [ -50(n) ] .  7he m1551n9 ¢ and 4• var1a61e5 mu5t h0p 0ver fr0m ne19h60r1n9 
51te5. 7he c0ntr16ut10n t0 5K 0f 10we5t 0rder 1n K 15 9enerated 1f 4~ and 60th 45~5 
h0p 0ver t09ether fr0m the 5ame 51te. 

1t 15 a1ready 5u99e5ted 6y e4. (A.12) that the 5tate5 c0up11n9 t0 X and 8 t are 
m1xed 1n 10we5t n0ntr1v1a1 0rder 1n the expan510n 1n K, pr0duc1n9 a ma551ve 
f0ur-c0mp0nent ferm10n. 70 f1nd the ma55 t0 10we5t 0rder 1n K, we n0te that 5M 
06ey5 an exact recur510n re1at10n 

1 

5~t3(n) = 120A1 t~t~6"~°-~ 
K x 1 ~ t2c~ a, ~ r1 

2a 120A~ ~ 2A]a ~ 
(A.15) 

N0w, rewr1t1n9 (A.12) and (A.15) 1n m0mentum 5pace, we 06ta1n 

K~K ~5 
~ - ~  ~ " , ,  e •p"" 5 ~ , ( p ) ,  (A.16) 

~d ~% +~a ~ (°~")~5~(p) " (A.17) 

App1y1n9 (A.16) tw1ce and 1nv0k1n9 (A.17) y1e1d5 

A , - ~ a  2 e ~p"~ 5~:~(p) = K~K, (6"•)%, e ~p~a) 
•d (1a) 3 120 - 

.~ KX 

(A.18) 
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(0) 46 (6) 

x - n +  , ~  - x n  ~ ~ n - + ~ -  . . . . . .  ~------ x 

" ~ - ~ 4 ~  ~0- 

F19. 5. C0ntr16ut10n5 t0 the recur510n re1at10n f0r 5K(n, X) (a) 0f  0rder K 3, (6) 0f  0rder r. 
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1nvert1n9 (A.18), we f1nd 
1 

Y.2 ( # ~ ) ~  51n p~a 
5~:13(P; X) = K~a (A.19) 

1 ( 2 0 )  4 3 0 ( A 1 r 1 ~ c 0 5 p , a )  2" 
~ 5 ~  51n2P ~ a + -  a 2 KXK~K2~ • 0 12 

F1na11y we 5ee that the f1e1d X c0up1e5 t0 16 ma551ve m0de5, w1th ma55e5 91ven 6y 
the 10cat10n5 0f the p01e5 0f 5K(p;  X), 0r 

1 ( 2 [30A~(2a)4~1~ r, 2 c 0 5 p " a  (A.20) 
L KXK~K ~, • 0A1 ;, 

where each p~a 15 e1ther 0 0r 7r. 
1n e4. (A.20) we f1nd ju5t1f1cat10n f0r the c0mment5 1n 5ect. 5. When r~ = 0, there 

are 16 de9enerate ferm10n m0de5, a5 we expected. F0r r1 # 0, the de9eneracy 15 
rem0ved, and the{•e 15 a un14ue m0de 0f 10we5t ma55 (the ••0rd1nary•• m0de) wh1ch 
15 5p11t fr0m the neare5t m1rr0r m0de5 6y an am0unt pr0p0rt10na1 t0 2r1/A1a. 70 
th15 0rder 0f pertur6at10n the0ry, we may tune r~ 50 that the 0rd1nary X m0de 
6ec0me5 ma551e55 wh11e a11 m1rr0r m0de5 rema1n ma551ve. 

Pr0ceed1n9 1n exact1y the 5ame way, we may n0w f1nd the 5pectrum 0f 10w-1y1n9 
5tate5 wh1ch c0up1e t0 the f1e1d5 0 and 4~. 7he 0n1y new c0mp11cat10n 15 that 1n each 
ca5e the f1e1d appear5 1n 60th term5 0fthe unpertur6ed act10n 50 and 0f 51.7heref0re, 
the 5tate5 wh1ch c0up1e t0 0 (0r 4~) are a 11near c0m61nat10n 0f tw0 d1fferent 
c0mp051te 0perat0r5. F0r 4• the tw0 c0mp051te 0perat0r5 8~ and 8~ are 91ven 6y 

811,~ ( n ) = ( 49~.1( n )0~20~t~X( n ) )( ~ 7J ( n )0~20~:~ )0~ , 

821~(n) 1 7 7 jk1r5 =~(~jk(n)0~20~0t1(n))(~r~(n)0~20~),~e . (A.21) 

70 51mp11fy 0ur rema1n1n9 ana1y515 We w111 ch005e t0 c0n51der the 5pec1a1 Ca5e 
where K6 = K~ = K x --= K, A~ = A2=-- A ,  and r~ = r2~ r 1n e4. (A.1). 7hen the f1e1d5 ~U, 
~,j, and X can he c0m61ned t0 f0rm a 51n91e 16-d1men510na1 5p1n0r repre5entat10n 
0f 0(10) and the act10n 15 1nvar1ant under 0(10) 5ymmetry. 1n part1cu1ar the tw0 
5U(5) x U(1) 1nvar1ant5 50~ and 502 91ven 1n e45. (A.2) and (A.3) c0m61ne t0 f0rm 
a 51n91e 4uart1c 1nvar1ant 0f 0(10). 1n th15 ca5e, the 11near c0m61nat10n 0f 8~ and 
82* wh1ch m1xe5 w1th the 0 f1e1d 15 ju5t 

8 ~ ( n )  + 8 ~ ( n ) .  
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1t 15 c1ear that f0r the 0(10) 1nvar1ant act10n, the prev10u5 ana1y515 f0r the X f1e1d 
app11e5. We can 1mmed1ate1y c0nc1ude that each 0f the ~61 and ~11 f1e1d5 c0up1e5 t0 

2 2 an a550c1ated c0mp051te 0perat0r t0 91ve 16 ma551ve m0de5 w1th ma55e5 m~ = my = 
2 where m X , 

x-a2 1-211u~.c°5P"a , (A.22) 

t0 10we5t 0rder 1n K and r, a5 f0110w5 fr0m e4. (A.20). F0r r # 0 there 15 a un14ue 
m0de 0f 10we5t ma55 (the ••0rd1nary•• m0de) wh1ch 15 5p11t fr0m the neare5t m1rr0r 
m0de5 6y an am0unt pr0p0rt10na1 t0 2r/Aa. 

1n add1t10n t0 the e1ementary and c0mp051te ferm10n 5tate5, there are c0mp051te 
5ca1ar 5tate5 1n the 5tr0n9-c0up11n9 11m1t. Return1n9 t0 the 5U(5) 1nvar1ant act10n 
0f e4. (A.1); we c0n51der, f0r examp1e, the c0mp051te 5ca1ar 5tate w1th 4uantum 
num6er5 0f (,¥70r21]/1). We may U5e the 0perat0r 

A•(n) =- C1X 7(rt)0~2~1(n) + C2t~*k(n)0~2~p t71k(n) (A.23) 

a5 an 1nterp01at1n9 f1e1d f0r th15 5ca1ar 5tate. 70 f1nd the ma55 we c0n51der the 6 reen  
funct10n 

6(n) --- (A•(n) e-5AJ(0))/(e-5). (A.24) 

70 10we5t n0n-tr1v1a1 0rder 1n K, th15 6 reen  funct10n 5at15f1e5 the recur510n re1at10n 

, 1 1 
5 ~ 6,08j+-~, ~ ] ~  At~a~ 6(n+~),  (A.25) 

• V- -  
w h e r e  c1 =x/K-~K x and c2-x/~K~K~. 501v1n9 f0r the m0mentum 5pace pr0pa9at0r 

6(p), we f1nd 
•1 2 1 

32~/~K~K~K x 6 j 

6(P)=4~51n2(1p~,a) + -  8 15A1~]r / 22a4 - -1 ] "  (A.26) 

7hu5 we 5ee that there 15 a c0mp051te 5ca1ar 5tate 1n the 5 repre5entat10n 0f 5U(5) 

w1th ma55 
r / 204 ] m2=8~15A,~[-F --- 1 , (A.27) 

J a - L , 1  K ~ K¢pK x 

t0 1ead1n9 0rder 1n K. 7he 1ead1n9 c0ntr16ut10n t0 the recur510n re1at10n 1nv01v1n9 
r 15 0f 0rder K2r, and we are theref0re ju5t1f1ed 1n ne91ect1n9 1t. 7he c0ntr16ut10n5 
0fth15 0rder have n0 5pec1a15tatu5 f0r the 5ca1ar 5tate5, 6ecau5e there 15 n0 de9eneracy 
t0 6e rem0ved 6y 51. 

8y the 5ame rea50n1n9, we f1nd that there are ma551ve c0mp051te 5ca1ar5 wh1ch 
c0up1e t0 each 0f the ••5p1n-2er0•• ferm10n 6111near5. 1n the 5pec1a1 ca5e 0f 0(10) 
5ymmetry the5e 5ca1ar5 tran5f0rm a5 the 10 and 126 repre5entat10n5. 
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1n 5tr0n9 c0up11n9 pertur6at10n the0ry, Yukawa c0up11n95 w111 a150 6e 1nduced 
6etween the ferm10n and 5ca1ar 5tate5 de5cr16ed a60ve. 1n fact, a 5tr0n9 c0up11n9 
11m1t 51m11ar t0 the 0ne d15cu55ed here c0u1d have 6een c0n5tructed 1f we had 
1ntr0duced 1nt0 the 1att1ce act10n, 1n5tead 0f mu1t1ferm10n 1nteract10n5, Yukawa 
c0up11n95 0f the ferm10n5 t0 e1ementary 5ca1ar5 1n appr0pr1ate repre5entat10n5 0f 
5U(5). 7hen  5x w0u1d 6e rep1aced 6y term5 0f the f0rm 

~ L  ~ A,(m)[X7(n +/2) ~r24/(n) + X7(n)~r2~(n + 1~) - 2X7(n)cr24/(n)] + h.c.,  
/ .a  

where A~(n) den0te5 the 5ca1ar f1e1d tran5f0rm1n9 a5 the 5 repre5entat10n 0f 5U(5). 
We c0nc1ude w1th a c0mment a60ut the effect 0f h19her-0rder c0rrect10n5 t0 the 

5tr0n9-c0up11n9 11m1t. 7he de9eneracy 0f the ferm10n m0de5, 6r0ken 1n 0rder r, w111 
n0t 6e re5t0red 1n any f1n1te 0rder 0f pertur6at10n the0ry. 8ut h19her 0rder c0rrect10n5 
w111 9enerate 5tructure f0r the c0mp051te 5tate5. We expect the 119hte5t, m05t weak1y 
60und, c0mp051te 5tate, that wh05e c0n5t1tuent5 are ••0rd1nary•• ferm10n m0de5, t0 
have the 1ar9e5t character15t1c 512e, a 512e r0u9h1y 1nver5e1y pr0p0rt10na1 t0 1t5 ma55. 
7heref0re, a5 that 60und 5tate appr0ache5 thre5h01d, 1t effect1ve1y d15appear5 fr0m 
the 5pectrum, 1f we c0nf1ne 0ur attent10n t0 phy51c5 at 50me f1xed f1n1te d15tance 5ca1e. 

Append1x 8 

0 7 H E R  CH1RAL 6 A U 6 E  7HE0R1E5 

1n th15 append1x, we d15cu55 6r1ef1y 50me 0ther examp1e5 0f ch1ra1 9au9e the0r1e5. 
F0r each examp1e, we c0n5truct the add1t10na1 term5 0f the 1att1ce act10n wh1ch are 
needed t0 rem0ve the de9eneracy 0f the 0rd1nary ferm10n m0de5 and the m1rr0r 
m0de5 .7he  5tat1c 11m1t 0f each examp1e and the 5tr0n9-c0up11n9 expan510n a60ut 
that 11m1t are de5cr16ed. We a150 c0n51der an examp1e 0f a 1att1ce act10n f0r wh1ch 
n0 5tat1c 11m1t ex15t5. 

Examp1e 1. 0 u r  f1r5t examp1e 15 a 51mp1e 9enera112at10n 0f the 5U(5) m0de1 [2]. 
7he 9au9e 9r0up 15 5U(N)  and the ferm10n5 tran5f0rm a5 

+ ( N - 4 )  D ,  (8.1) 

a repre5entat10n free 0f 5U(N)  an0ma11e5. (Here 1j are 5U(N)  1nd1ce5 and a = 
1, • • •, N - 4  15 a f1av0r 1ndex.) 7h15 m0de1 re5pect5 a 9106a1 f1av0r 5ymmetry 9r0up 

6 f  = 5U(N - 4 )  x U(1) ,  (8.2) 

where the U(1) char9e a5519nment5 are 

Q~= N - 4 ,  Q ~ = - ( N - 2 )  (8.3) 
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and the an0ma11e5 0f the 9106a1 5ymmetry CUrrent5 are 91Ven 6y 

7r Q = - - • N ( N - - 3 ) ( N - - 4 ) ,  7r Q3 = • 1 N 3 ( N • 3 ) ( N • 4 )  " 

7r (QQ~Q6)= - - N ( N -  2)6a6, 7r QaQ6Qc = Nda6c, (8.4) 

Where Qa,6.c are 5 U ( N - - 4 )  9enerat0r5. 
We W15h t0 C0n5trUCt a 1att1Ce act10n f0r th15 m0de1 Wh1Ch exp11C1t1y 6reak5 a11 

9106a1 5ymmetr1e5 Wh1Ch have an0ma11e5.7he C0n5trUCt10n pr0Ceed5 a5 1n the 5U(5) 
m0de1. F1r5t, We 065erve [2] that there 15 an 5U(N)-51n91et C0mp051te 0perat0r 
Wh1Ch 5at15f1e5 the an0ma1y match1n9 C0nd1t10n5; that 15, Wh1Ch repr0dUCe5 the f1aV0r 
an0ma11e5 0f e4. (8.4). 1t 15 

8~6( n) = ( ~ (  n )0~2t7~ )~( ~6 ~1( n )0~2tr~4/6( n ) ), (8.5) 

wh1ch tran5f0rm5 a5 ([523,- N)  under 6 f  = 5 U ( N - 4 )  x U(1). 
Next, we 1ntr0duce a 5pectat0r ferm10n X wh1ch 15 a 51n91et under the 9au9e 

9r0up 6 - -  5U(N) ,  and tran5f0rm5 under 65- a5 (UU], N) ,  the repre5entat10n c0nju- 
9ate t0 that acc0rd1n9 t0 wh1ch the c0mp051te 0perat0r 8 tran5f0rm5. 7hen the 
1nteract10n 

50 , (n )  ~6 =X~ ( n ) 8 ~ 6 ( n ) + h . c . ,  (8.6) 

re5pect5 an 5 U ( N - 4 ) x  U(1) 5ymmetry 9r0up wh1ch ha5 n0 an0ma11e5. 
F1na11y, we mu5t exp11c1t1y 6reak the ••ax1a1•• U(1) 9106a1 5ymmetry wh1ch 15 t0 

6e 5p011ed 6y 1n5tant0n effect5 1n the c0nt1nuum the0ry. F0r th15 purp05e, we 
1ntr0duce an 1nteract10n 

502(n) = [~(n)N-2~6~,(n) - tp~ ~(n)]e ~ N  ~+h.c. (8.7) 

(C010r and 5p1n 1nd1ce5 are 5uppre55ed 1n (8.7).) 7he 1att1ce act10n f0r th15 

(un9au9ed) 5 U ( N )  m0de1, 9enera1121n9 e4. (A.1), 6ec0me5 

where 

and 

5 = A 50 ~-  K5k1n -[- r51, (8.8) 

r5, = ~. [r, A501(n) + r2A502(n)] , (8.10) 
n 

w1th A def1ned a5 1n e4. (A.7). 
Let u5 n0w c0n51der the 5tat1c 11m1t (K = r = 0) 0f th15 1att1ce the0ry. 7he c0nd1t10n 

f0r a n0ntr1v1a1 vacuum funct10na1 1n the 5tat1c 11m1t 15 

A50 = ~ [A,501(n) + A2502(n)] (8.9) 
n 
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F0r th15 C0nd1t10n t0 6e 5at15f1ed, there mU5t 6e a term 1n the expan510n 0f e -A50 1n 

Wh1Ch every ferm10n1C Var1a61e appear5 eXaCt1y 0ne. 7hat  15, there mU5t eX15t 1nte9er5 

n1 and n2 wh1ch 5at15fy 

d1m X = • ( N -  3 ) ( N - 4 )  = n1, 

d1m ~ = • N ( N - 1 ) =  n 1 + ( N - 2 ) n 2 ,  

d1m ~0 = N ( N - 4 ) = 2 n ~ + ( N - 4 ) n 2 .  (8.12) 

E4. (8.12) 15 501ved 6y n~ = •(N - 3) ( N  - 4), n2 = 3, and a deta11ed check c0nf1rm5 

that, 1ndeed, 

0 • ~,  e-x5d")0c (h*h1)2"~(h*h2) 2"2 . (8.13) 

7hu5, a n0ntr1v1a1 5tat1c 11m1t ex15t5. 
A 5tr0n9 c0up11n9 expan510n 1n K and r can n0w 6e f0rmu1ated, a5 f0r the 5U(5) 

m0de1.7he  de9eneracy 0f the 0rd1nary ferm10n m0de5 and the m1rr0r exc1tat10n5 
w111 6e 11fted 1n 0rder r. 

Examp1e 2. 7he 9au9e 9r0up 0f th15 m0de1 15 6 = 5 U ( 3 ) ,  and the ferm10n5 
tran5f0rm a5 the an0ma1y-free repre5entat10n 

~-~4  + 2 [-7--]. (8.14) 

7h15 m0de1 15 the 51mp1e5t examp1e 0f a ch1ra1 9au9e the0ry, that 15, 1t 15 the ch1ra1 
9au9e the0ry w1th the 5ma11e5t num6er 0f de9ree5 0f freed0m. We theref0re re9ard 
1t a5 a 1ead1n9 cand1date f0r ana1y515 6y M0nte Car10 techn14ue5. 

7he 9106a1 f1av0r 5ymmetry 9r0up 15 

6 1 = 5U(2) × U(1) (8.15) 

where the U(1) char9e a5519nment5 are 

0~ = 1, Q¢ = - 2 ,  (8.16) 

and the an0ma11e5 0f the f1av0r current5 are 

7r  Q = - 9 ,  7r  Q3 = - 8 1 ,  7r  QQaQ6 = -126a6. (8.17) 

A9a1n, we f1nd a 6-51n91et c0mp051te 0perat0r wh1ch 5at15f1e5 the 6~- an0ma1y 
c0nd1t10n5, name1y 

8°~6(n) = (~p~1(n)0~20~)~( ~ 7J~(n)0~20~t~(n)e1r~) , (8.18) 

wh1ch tran5f0rm5 a5 ([511, - 3 )  under 6f .  1f we 1ntr0duce the 5U(3)-51n91et 5pectat0r 
ferm10n X c0up1ed t0 8 6y 

501(n) = X7a68°a6 + h.c.,  (8.19) 

then 501. re5pect5 an 5U(2)x  U(1) 5ymmetry 9r0up wh1ch ha5 n0 an0ma11e5. 
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N0W We mU5t exp11C1t1y 6reak the ••aX1a1•• U(1) 5ymmetry. An 5U(3) 1n5tant0n 
W0U1d 9enerate the 0perat0r 4~204~0, 6Ut th15 0perat0r Can 6e redUCed t0 a pr0dUCt 
0f 5U(3) × 6 f  51n91et5 0f the f0rm [(~04~4j)2] 5. HenCe We Can 6reak the UnWanted 

U(1) 5ymmetry W1th the 5U(3)× 6 2 1nVar1ant 1nteraCt10n 

5 0 2 (  n ) 0 6 ,  ,• kk~ j j• rr~ = e  ( ~ j k ( n ) ~ j , k , ( n ) ~  (n))(4~,~(n)~0,,r,(n)4,6 (n ) )+h .c .  (8.20) 

(5p1n 1nd1ce5 are 5uppre55ed 1n (8.20).) 7h15 1nteract10n 6reak5 a 25 5u69r0up 0f 
the ••ax1a1•• U(1) wh1ch w0u1d 5urv1ve 1n the pre5ence 0f 1n5tant0n5. 

0 u r  1att1ce act10n f0r th15 m0de1 15 

where 

5 = A50~- K5k1n~- r51, (8.21) 

A50 = ~ [A,50,(n) + A2502(n)], (8.22) 
n 

r51 = ~. [r, A50,(n)  + r2A502(n)] . (8.23) 
n 

7he c0nd1t10n f0r the ex15tence 0f a n0ntr1v1a1 5tat1c 11m1t (K = r = 0) 0f th15 m0de1, 
0 ~  5, e-~50~")0c(A*A02",(A*A2) 2"2, 15 

d1mX=3 = n~, 

d1m ~0 = 15 = n1+4n2,  

d1m $ = 12 = 2n1 +2n2,  (8.24) 

wh1ch ha5 the 501ut10n n1 = n2 =3.  We n0te that 1t 15 nece55ary t0 6reak the 25 
d15crete 5ymmetry 1n 0rder t0 en5ure that a n0ntr1v1a1 5tat1c 11m1t ex15t5. 

Examp1e 3. 1n th15 examp1e, the 9au9e 9r0up 15 6 = 5U(8) and the ferm10n5 are 
1n an an0ma1y-free repre5entat10n 

~ +5 ~ ,  (8.25) 

and the ~106a1 f1av0r 5ymmetry 9r0up 15 

6 f  = 5U(5) × U(1) ,  (8.26) 

where the U(1) char9e a5519nment5 are 

Q~ = 1, Q~ = - 3 .  (8.27) 

1t 15 1mp055161e 1n th15 ca5e t0 c0n5truct 5U(8)-51n91et c0mp051te ferm10n 0perat0r5 
w1th 4uantum num6er5 wh1ch 5aturate the 6 f  an0ma1y c0nd1t10n. 1n fact, there are 
n0 5U(8)-51n91et c0mp051te ferm10n 0perat0r5 at a11; any 0perat0r c0n5tructed fr0m 
an 0dd num6er  0f e1ementary ferm10n f1e1d5 ha5 0dd 8-a11ty. 
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1n 0rder t0 c0n5truct a 1att1ce the0ry 1n wh1ch a11 9106a1 f1av0r 5ymmetr1e5 w1th 
an0ma11e5 are exp11c1t1y 6r0ken, we 1ntr0duce the 1nteract10n5 

501(n) = (~k(n)cr2~r5t(n))(~*,,(n)tr2(~6*1(n))7)e °km1r5t +h.c . ,  (8.28) 

502 ( r1 ) 7 7 n 1jkm1r5t = (~Vk(n)tr2~r~t(n))(~r,1,(n)cr2~6 (n ) )e  +h.c . .  (8.29) 

7he5e 1nteract10n5 6reak 6 f  t0 the an0ma1y-free 5u69r0up H f - - 0 ( 4 ) ,  and a150 
exp11c1t1y 6reak the ••ax1a1•• U(1) 5ymmetry wh1ch 15 5p011ed 6y 1n5tant0n5 1n the 
c0nt1nuum the0ry. 

0 u r  1att1ce act10n f0r th15 m0de1 15 

5 = A50+ K5k1,+ r5~, (8.30) 

w1th the term5 a9a1n def1ned a5 1n (8.9) and (8.10). 7he nece55ary c0nd1t10n f0r 
the ex15tence 0f a 5tat1c 11m1t 15 

d1m ~ = 5 6 = 2 n 1 + 3 n 2 ,  

d1m X = 40 = 2n~ + n2, 

wh1ch 15 5at15f1ed 6y n~ = 16, n2 = 8. 

Examp1e 4. N0w c0n51der a m0de1 w1th 9au9e 9r0up 6 = 5U(7) and ferm10n5 1n 
the an0ma1y-free repre5entat10n 

~ + ~ +  D.  (8.31) 

"01jk ~ 1m 1~ r 

7he 9106a1 f1av0r 5ymmetry 9r0up 0f th15 m0de1 15 

6y  = U(1)~ x U(1)2, (8.32) 

where the char9e a5519nment5 are 

(Q1, Q2)~ -- (1 ,4 ) ,  

(Q1, Q2)~ = ( -3 ,  - 7 ) ,  

(Q1, Q2), = (5, - 5 ) .  (8.33) 

70 c0n5truct a 1att1ce the0ry 1n wh1ch a11 9106a1 f1av0r 5ymmetr1e5 w1th an0ma11e5 
are exp11c1t1y 6r0ken, we f1r5t n0te that the U(1)1 an0ma1y-match1n9 c0nd1t10n 15 
5at15f1ed 6y the c0mp051te 0perat0r 

8 "  (n) ----- (~70 (n)0~20r~)~ (~67 (n )0~20r"~6 j (n ) ) ,  

wh1ch ha5 U(1)1 char9e 

(Q1)a = 7 .  

We theref0re 1ntr0duce an 5U(7)-51n91et 5pectat0r ferm10n X c0up1ed t0 8 6y 

501(n) = X ~ ( n ) 8 ~ ( n )  + h.c. 
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7he U(1)2 and ••ax1a1•• U(1) 5ymmetr1e5 may 6e 6r0ken 6y the U(1)1-1nvar1ant 
1nteract10n5 

502(n) = (~v1jk~2~r(n))(~v1J(n)0~2~kr(n)) +h.c . ,  

503(n) = 7 ~ (n) ) (n~t ,0 .2~ ,v )+h .c .  61jktr5t( ~ 6k ( n )0r20 " 171r5 

1f we ch005e the 2er0th-0rder act10n t0 6e 

~50 = 2 [A,50~(n) + ,~502(n)  + ~350~(n)], 
n 

then the nece55ary c0nd1t10n f0r the ex15tence 0f a 5tat1c 11m1t 15 

d1mX = 1 = n~, 

d1m -4 =35- -  n2+3n3, 

d1m ¢ =21 = n1+2n2+ n3, 

d1m 0 = 7 = 2 n 1 + n 2 ,  

wh1ch 15 501ved 6y n~ = 1, n2 = 5, n3 = 10. 7he 5tr0n9 c0up11n9 expan510n a60ut the 
5tat1c 11m1t may 6e f0rmu1ated a5 6ef0re. 

Remark5. A5 the a60ve examp1e5 make c1ear, the pr061em 0f c0n5truct1n9 a 1att1ce 

act10n wh1ch meet5 0ur cr1ter1a 15 c105e1y re1ated t0 the pr061em 0f f1nd1n9 a 

rea112at10n 0fthe 9106a1 f1av0r 5ymmetry c0n515tent w1th •t H00ft•5 an0ma1y-match1n9 

c0nd1t10n. We re4u1re the 1att1ce act10n t0 6e 9au9e-1nvar1ant and t0 re5pect n0 
9106a1 f1av0r 5ymmetr1e5 wh1ch w0u1d have an0ma11e5 1n the c0nt1nuum the0ry. 70 

meet th15 re4u1rement, we 5eek 9au9e-51n91et c0mp051te ferm10n 0perat0r5 wh1ch 
5at15fy the an0ma1y-match1n9 c0nd1t10n5 f0r 50me 5u69r0up 0f the f1av0r 9r0up, 
and 1ntr0duce 5pectat0r ferm10n f1e1d5 c0up1ed t0 the5e c0mp051te 0perat0r5. We 

then exp11c1t1y 6reak any rema1n1n9 an0ma10u5 f1av0r 5ymmetr1e5 w1th 9au9e- 

1nvar1ant mu1t1-ferm10n ••c0nden5ate5.•• 
A 51m11ar pr0cedure w0u1d 6e carr1ed 0ut t0 f1nd cand1date rea112at10n5 0f the 

9106a1 f1av0r 5ymmetry wh1ch are c0n515tent w1th the an0ma1y-match1n9 c0nd1t10n 

1n the c0nt1nuum the0ry. 1n fact, we have perf0rmed 5uch an ana1y515 f0r a num6er 
0f ch1ra1 9au9e the0r1e5, a5 rep0rted 1n ref. [7]. 7he f0rmu1at10n5 0f the 1att1ce 
the0r1e5 de5cr16ed 1n examp1e5 1-4 are a 6y-pr0duct 0f that ana1y515. 

1n each 0f examp1e5 1-4, we d15c0vered that the 51mp1e5t 1att1ce the0ry 1n wh1ch 
a11 an0ma10u5 5ymmetr1e5 (1nc1ud1n9 the ax1a1 U(1)) were exp11c1t1y 6r0ken had a 
5tat1c 11m1t. 51nce the ex15tence 0f a 5tat1c 11m1t 15 a n0ntr1v1a1 a19e6ra1c c0n5tra1nt, 
th15 d15c0very 15 a 61t 0f a 5urpr15e. 1t app11e5 t0 many 0ther, 6ut n0t a11, 0f the 
m0de15 we have ana1y2ed. 1n 50me ca5e5 we have f0und 1t c0nven1ent t0 1ntr0duce 
1nteract10n5 1n wh1ch 5pectat0r ferm10n f1e1d5 appear n0n11near1y 1n 0rder t0 en5ure 

the ex15tence 0f a 5tat1c 11m1t. 
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ExaMp1e 5. 70 exp1a1n what 15 meant 6y the n0nex15tence 0f a 5tat1c 11m1t 1n a 
1att1ce the0ry, we de5cr16e here a 51mp1e t0y m0de1 wh1ch 5uffer5 fr0m th15 d15ea5e. 

C0n51der a the0ry def1ned 0n a 0ne-d1men510na1 1att1ce, w1th act10n 

5 = E [5k1°(n) + 50(n) ] ,  
n 

where 

K 3 

5k1n(") =~a 1-~1 a~(n)[a1(n + 1) - a,(n - 1)],  

50(n) = a , (n )a2(n)  + a2(n)a3(n)+ a3(n)a , (n)  + h.c. 

1n the 5tat1C 11m1t, K = 0, the vacuum-t0-vacuum amp11tude c1ear1y van15he5, 

13 ( e -5° )=~  1=,H da1(n) d a ~ ( n ) e  -5°(~)=0 

6ecau5e each term 1n the expan510n 0f e -5°C") c0nta1n5 an even num6er 0f a~(n)~5 
and a~(n)~5. 

N0w c0n51der the 4uantum mechan1ca1 5y5tem w1th ham11t0n1an H = - 5 0 ( n ) .  
7h15 ham11t0n1an act5 0n a H116ert 5pace c0n515t1n9 0f the e19ht 5tate5 1m~, m2, rrt3) 

where rn~ = 0 0r 1 .7he  e19en5tate5 0f H are ea511y f0und t0 6e 

E19en5tate E19enva1ue 

x/~ [+x/3 1000) +]110) + 1011) + 1101)] w,J3 

[~x/3 1111) + J001) + 11005 + 1010)] Wx/3 

~/~ [1110) -1011)] 0 
[1001)- [100)] 0 

[1110) + 1011) - 21101)] 0 

~/~ [1001) + 1100) - 21010)] 0 

We 5ee that a11 e19enva1ue5 0f H are de9enerate. 7h15 de9eneracy 15 a c0n5e4uence 
0f a ••char9ed c0nju9at10n•• 5ymmetry wh1ch 1nterchan9e5 m~ = 0 and rn~ = 1, and 
c0mmute5 w1th H. 1n fact, the H116ert 5pace d1v1de5 1nt0 tw0 5ect0r5, w1th even and 
0dd ferm10n num6er, wh1ch are pre5erved 6y /4, 6ut are 1nterchan9ed 6y ••char9e 
c0nju9at10n.•• 

7h15 6ehav10r 15 character15t1c 0f the0r1e5 wh1ch, 1n 0ur 1an9ua9e, have n0 5tat1c 
11m1t. 1f the H116ert 5pace 0n wh1ch the 5tat1c ham11t0n1an act5 dec0mp05e5 1nt0 
phy51ca11y 1nd15t1n9u15ha61e 5ect0r5 wh1ch are pre5erved 6y the ham11t0n1an, then 
0ur pr0cedure f0r f0rmu1at1n9 an expan510n a60ut the 5tat1c 11m1t fa115. 
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